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1 Introduction
1.1 Motivation
Composite magnetic materials based on soft non-magnetic polymers filled with magnetic
inclusions are nowadays in the focus of materials science, since their mechanical prop-
erties can be controlled by the application of an external magnetic field. These compos-
ites are frequently called magneto-sensitive elastomers (MSEs), magneto-active elastomers
(MAEs) or magnetorheological elastomers (MREs) in analogy with magnetorheological flu-
ids (MR fluids) [1, 2]. Along with magnetic gels (ferrogels), ferrofluids and MR fluids, the
MSEs establish a special class of smart materials, which are able to change their me-
chanical properties under external magnetic field instantaneously. For instance, MSEs are
able to change rapidly and reversibly their shape and mechanical moduli under external
magnetic field [3]. The change of the shape of MSEs with increase of the magnetic field is
called in the literature magneto-induced deformation or sometimes magnetostriction [3–6].
The change of the mechanical moduli with increase of the magnetic field is often called
magnetorheological effect (MR effect) [1–3].
MSEs are of a high commercial interest. Several industrial groups such as Ford Motor
Company (Dearborn, Michigan, U.S.) and Lord Corporation (Cary, North Carolina, U.S.)
use magnetorheological technology in their products. For instance, the Ford Motor Com-
pany patented an automotive bushing (hub) employing an MSE, shown in Figure 1.1.
Figure 1.1. MSE-based bushing for automotive suspension. Adopted from ref. [7].
The controlled stiffness of the bushing is used to reduce suspension deflection in vehicle
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transmission shift, e.g. in motor compartment [7]. MSE is fixed between the inner and
outer connectors, and a coil is placed about the inner connector. When an electrical current
is running through the coil, a magnetic field is generated so as to influence the MSE. The
variable stiffness values of MSE are obtained to provide the bushing with variable stiffness
characteristics [7].
SKF AB (Stockholm, Sweden) introduced a new type of rotation-sensing bearing for hybrid
automotive applications [8]. The magnetic sensor bearing for start-stop as well as for some
other devices using MSEs are shown in Figure 1.2. The rotating SKF’s bearing employs
a fixed magnetic field and produces a variable signal to the board electronics. The sealed
units are designed to operate at high temperatures and high speeds and are built into the
drive train rather than the wheel ends. In contrast, most speed monitoring is currently
accomplished by deploying Hall-effect sensors in the wheel bearing hub units [8].
Figure 1.2. MSE devices: (a) Magnetic sensor bearing for start-stop systems [8]; (b) PDMS
actuator [9]; (c) prosthetic foot with an MSE spring [10]; (d) vibration damper [11]; (e) MagSilica R©
for magnetic induced gluing [12].
Thus, nowadays MSEs are utilised in diverse application fields, from automotive branch
(Conti, SKF, Freudenberg, INA/FAG), medicine (KET; Nora) to adhesives (Evonik) [9,
11, 13–19].
MSEs are utilized in the form of
• sensors in ABS and start-stop systems
• torque sensor
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• actuators
• vibration control of devices
• magnetic suspension control
• shape memory control
• intelligent tires
• dampers.
MSEs typically consist of micron-sized magnetizable particles dispersed within an elas-
tomeric matrix. Recent studies [6, 20–25] have shown that it is possible to create MSEs
with different stiffness, having the values of Young’s modulus between 104 Pa and 106 Pa.
The diffusion of particles through the polymer matrix is prevented due to the high con-
centration of cross-links, at which the size of network mesh is much smaller than the size
of the particles and the particles can only fluctuate around their average positions. The
spatial distribution of magnetic particles in MSEs can be either isotropic or anisotropic,
depending on whether they have been aligned by an applied magnetic field before the
cross-linking of the polymer. Depending on the magnetic properties, shape and size of the
particles, the MSEs can exhibit different mechanical behaviour.
The effect of the magneto-induced deformation in MSEs has been a subject of many
experimental, theoretical and simulation studies. Most experimental studies show that
MSEs with isotropic distribution of magnetic particles demonstrate a uniaxial expansion
along the magnetic field. On the other side, it was shown experimentally that MSEs with
anisotropic particle distributions demonstrate a uniaxial contraction along the magnetic
field. Also, the experimental works show that the shear moduli of MSEs increase with
increasing strength of the magnetic field and depend on the magnetic properties, volume
fraction and spatial distribution of particles.
In theoretical studies of the mechanical behaviour of the MSEs, different analytical ap-
proaches were proposed, which can be divided into two groups: continuum-mechanics
approach and microscopic approach. In the continuum-mechanics approach, it is assumed
that the electromagnetic equations are coupled with the appropriate mechanical deforma-
tion equations and macroscopic homogeneity of magnetic media. This approach predicts a
positive magneto-induced deformation for MSEs (i.e. elongation along the external mag-
netic field) that is in agreement with experiments for MSEs with isotropic distribution of
particles. On the other side, uniaxial contraction of MSEs was demonstrated theoretically
using the microscopic approaches which take the discrete distribution of magnetic particles
explicitly into account.
The theoretical study of the mechanical moduli of MSEs in external magnetic field is
a challenging problem as compared to studies of the magnetostriction effect. Only a
few works have been proposed to calculate the static moduli of MSEs in the framework of
microscopic approaches [1, 26–28]. To our knowledge, there are no theoretical works which
calculate the mechanical moduli of MSEs in the framework of the continuum-mechanics
approach. Besides, only one phenomenological approach has been proposed which uses
an expansion into a series of the shear modulus as a function of the strength of the
magnetic field, the coefficients of the expansion being considered as phenomenological
parameters [29]. Thus, the development of theoretical formulations, which consider the
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mechanical moduli of MSEs as functions of the external magnetic field, nowadays remains
an important topic aiming at understanding the structure-property relationships in these
applied materials.
1.2 Goals
The aim of the present work is to develop a microscopic theory, which properly describes
the mechanical behaviour of MSEs in the external magnetic field taking a microscopic
structure of these materials explicitly into account. For this purpose, we consider MSEs
with such a magneto-mechanical coupling, in which separate spherical magnetizable par-
ticles are located in a non-magnetic polymer matrix. The particles have a size that is
much larger than the mesh of a polymer network. Multi-domain structure of the micro-
sized particles leads to a rise of induced magnetic moments of the particles directed along
the external magnetic field. The induced magnetic moments of separated particles are
considered as point-like magnetic dipoles. The polymer matrix is considered as a contin-
uum soft elastic medium, which does not affect the magnetic properties of the particles.
For a description of the particle positions inside the matrix we introduce regular lattice
models. This allows us to consider different spatial distributions: isotropic-like, chain-like
and plane-like distributions. Moreover, using different lattices we can analyse the effect of
particles distribution in isotropic MSE.
At first, we consider an infinite MSE sample. The assumptions given above allow us
to calculate the mechanical behaviour of MSEs in the presence of the external magnetic
field from the magnetic and elastic free energies. We construct the total free energy of
MSEs, using the condition of affine deformation and incompressibility of the sample. The
dependence of the equilibrium elongation on the strength of magnetic field is considered
for different volume fractions of particles and different values of matrix elasticity. Two
types of small deformation applied to the MSE exposed to the magnetic field are studied:
shear deformation and tensile deformation. Thus, the proposed microscopic theory is able
to relate the microstructure of MSEs with their mechanical properties.
The next step is to study the influence of the finite shape on the mechanical properties
of MSEs in the presence of the external magnetic field. For this purpose, we introduce
a microscopic model, where the MSE sample is assumed to have a shape of an ellipsoid
of revolution. It allows us to obtain the solution for the magnetic field analytically. The
induced magnetic field inside the MSE has two contributions: one, which depends on the
shape of the sample with a finite size and the other, which depends on the local particle
distribution. We show that the behaviour of magneto-induced deformation and elastic
modulus as functions of the magnetic field is determined by a non-trivial interplay between
these two contributions. In addition, affine and non-affine deformations are discussed.
Finally, we validate the theoretical predictions for the shear and Young’s moduli of MSEs.
We use experimental data for MSE samples with different stiffness and different fillers,
measured in shear and tensile deformation tests. Magnetically hard as well as magnetically
soft particles are used to produce the MSE samples. Besides, soft and extra-soft matrices
with isotropic and anisotropic particles distributions are analysed. The shear and Young’s
moduli as functions of the sample magnetization as measured at TU Dresden serve for the
proof of the theoretical predictions obtained in this study.
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1.3 Outline
This thesis consists of four main chapters. In Chapter 2, the physical characterisation of
MSEs is discussed and a short summary of the state of the art presented in the literature
is provided. In particular, we describe both the morphology of the polymer matrix and
magnetic particles, which are used for preparation of MSEs. Then we briefly review the
magnetic properties of particles and of composites. Finally, we discuss the relevant experi-
mental results and predictions of different theoretical approaches for the magnetostriction
and the mechanical moduli.
In Chapter 3, a microscopic theory of the mechanical behaviour of MSEs in a homogeneous
magnetic field is presented, taking the microscopic structure of the MSE explicitly into
account. Infinite lattice models are proposed to consider different spatial distributions of
magnetic particles inside an elastomer. The dependence of the equilibrium deformation
on the strength of magnetic field is considered for different volume fractions of particles
and different values of matrix elasticity. The shear and tensile moduli are calculated as
functions of the magnetic field taking into account the magnetostriction effect.
In Chapter 4, the finite size effect is considered. For simplicity, a linear regime of mag-
netization of the magnetic particles and linear elastic response of the polymer matrix are
assumed. The mechanical properties of MSEs with different shapes and with different par-
ticle distributions are studied using a theoretical formalism that unifies the microscopic and
continuum-mechanics approaches. The magneto-induced deformation and elastic modulus
are calculated as functions of the magnetic field for different values of volume fractions of
particles.
In Chapter 5, we present experimental verification of the microscopic theory. We com-
pare predictions of the microscopic theory developed in Chapter 3 and Chapter 4 with
experimental studies for shear and Young’s moduli, respectively.
In Chapter 6, the results of the thesis are summarised.
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2 State of the art
Magneto-sensitive elastomers (MSEs) are polymer composites, which consist of viscoelastic
matrix and rigid magnetic particles, and represent a relatively new class of applied mate-
rials. MSEs exhibit a desired non-trivial mechanical behaviour under external magnetic
field. The sensitivity to magnetic field is provided by the incorporation of magnetizable
nano- or micro-sized particles into polymer matrix [20, 22, 24]. The application of mag-
netic field influences the interactions between two material phases and causes an evolution
of the microstructure [24].
Synthesis and properties of MSEs constitute a new topic of research, which has been
rapidly developing in the last 10 years [30]. During that time, MSEs have become the
subject of numerous studies because of the wide range of possible applications, for instance
in membrane actuator [9], in adaptive tuned vibration absorbers [14, 31], in dampers
and seals [6, 23]. The interest lies in the capability to change dynamically the apparent
mechanical properties by the application of a magnetic field [32, 33].
To the fascinating features of MSEs belong mechanical moduli that become strongly en-
hanced by an applied magnetic field (magnetorheological effect) as well as the ability to
generate magnetically induced deformations and mechanical actuation stresses [20, 24, 25].
MSEs benefit from the combination of features inherent to their elastic and magnetic com-
ponents. The mechanical properties of MSEs depend on the elasticity of polymer chains,
number of cross-links, the volume concentration of the particles, their shape, size and
spatial distribution, as well as on the strength of the applied magnetic field.
In this chapter we focus on the description of the synthesis, the properties and the ap-
plications of MSEs with the special emphasis on the new trends and developments. The
literature data describing the process-induced morphology, which affects the mechanical
properties of MSEs, are reviewed. The magnetic particles that are usually used for prepa-
ration of MSEs as well as the influence of their shape and magnetic properties on the
mechanical properties of MSEs are considered. The results of numerous experimental
and theoretical studies for magneto-induced deformation and change of the moduli are
discussed.
2.1 Preparation, morphology and physical properties of MSEs
Polymer matrix
The polymer matrix has a strong influence on the mechanical properties of MSEs. This
means that one should employ a suitable matrix to synthesize MSEs with a noticeable
magneto-induced deformation and MR effect. A non-magnetic polymer network serves
for binding the magnetizable particles. Three types of polymer matrix, classified in the
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literature as saturated elastomers, unsaturated elastomers and thermoset-thermoplastic
elastomers, can be used to produce MSEs with fascinating mechanical properties. The
unsaturated elastomer matrix undergoes a vulcanization process, while the saturated elas-
tomer is based on a matrix that does not need vulcanization in the curing process. The
thermoset-thermoplastic elastomer can be cured either with or without the vulcanization
process (thermosets with long polymer chains) through polymerization [19].
In particular, the magnetic particles have been mixed into technically applied elastomer
matrices like natural and synthetic rubbers [16, 21, 34–50]. The use of natural rubber,
i.e. polyisoprene, as the MSE matrix began in 1999 by Ginder et al. [21]. Natural rubber
has large resistance to tearing and good dynamic performance. However, the gained MR
effect in natural rubbers was limited due to a high stiffness of such compounds. Besides,
the aging effect in the natural rubbers is enhanced by the presence of the metallic fillers.
Therefore, other soft and synthetic matrices like alginate gel [34], silicone elastomers [35],
polyurethanes [36], thermoplastic polymer [37], plasticizers [38, 39], foams [40, 41] as well
as polydimethylsiloxane (PDMS) with a low initial stiffness are commonly applied; al-
though the latter has limited technical applications [16, 42–44]. Synthetic rubber-based
MSEs received more attention than the natural rubber MSEs since they have higher re-
sistance to oil, better resistance against aging and weathering as well as resilience over a
wide temperature range [19].
Silicone rubber is a saturated elastomer usually chosen as the polymer matrix in MSEs.
In its uncured state (room temperature curing), silicone rubber is a highly-adhesive gel
or liquid. The synthesis using liquid precursors lets the particles be easily suspended and
homogeneously dispersed [19]. Early works which describe the dispersion of magnetizable
particles in a silicone rubber have been motivated by conductive anisotropic properties of
these composites [51]. In particular, conductive ferromagnetic spherical particles (silver-
coated Ni, 0.5-2 vol.%) were cured in silicone elastomers under an applied magnetic field.
In ref. [51] transparent sheets have been prepared from this silicone elastomer with em-
bedded magnetic particles and the conductivity has been measured. It was shown that
the conductivity is sensitive to the pressure along the magnetic field direction, so these
sheets could be used in touch-screen panels [51].
In spite of the advantages of silicone rubber as the polymer matrix, it is not suitable for
most load-bushing automotive applications due to its shorter fatigue life. In addition, the
modulus of silicone matrix is hard to change, so it is difficult to fabricate silicone-based
MSEs with different initial moduli [19].
The first MSE sample which was able to change its mechanical properties easily was
produced by Jolly et al. in 1996, using PDMS [1, 26]. The small surface tension of PDMS
enables the soaking of the particle surfaces. The chemical neutrality and stability of PDMS
allows it to attach to the metal adhesively. PDMS has favorable properties; for instance,
it cures rapidly, it is optically clear, nontoxic and non-flammable [19]. The PDMS matrix
has the advantage that no special rubber processing equipment or complex curing systems
have to be used. Basically, the processing can be executed at low temperatures or even at
room temperature, since the PDMS matrix is typically cured by an organometallic cross-
linking reaction. Additionally, PDMS is viscoelastic in the uncured state, which allows to
produce MSEs with variable microstructures within PDMS matrix [52–54].
At the same time, another type of magneto-active material, called ferrogel, was produced
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by Zrínyi et al. in 1996, using chemically cross-linked poly(vinylalcohol) (PVA) networks
[55, 56]. In contrast to MSEs which are ”dry” networks, the ferrogel is swollen by a
ferrofluid. A ferrofluid, or a magnetic fluid, is a colloidal dispersion of mono-domain
magnetic particles with a typical size of several nanometers solved in oil. Thus, the nano-
sized magnetic particles in ferrogels are much smaller than the mesh size of the polymer
network. This allows the particles to diffuse through the network and build agglomerates
under magnetic field [57–60].
The stiffness of MSEs in the absence of external stimuli is in the range E ∼ 104 − 106 Pa
and of ferrogels in the range E ∼ 103 − 104 Pa [61]. In this respect, MSEs differ from
ferrogels, in which the polymer matrix is usually only weakly cross-linked [60]. Another
difference of ferrogels compared to MSEs is the influence of particle size. The nano-
sized magnetic particles in the ferrogel can be attached to the flexible network chains by
adhesive forces [55, 62]. The micro-sized magnetic particles in MSEs are separated by
the polymer matrix and cannot freely diffuse through the matrix and can only fluctuate
around their average positions.
Magnetic particles
As previously mentioned, the magnetic properties of MSEs are determined by embedded
magnetizable particles, that build the magnetic component of MSEs. The particles chosen
for MSEs are typically ferromagnetic particles, which have high magnetic permeability,
low remnant and high saturation magnetization. The high MR effect, as a result of
interparticle interaction, can only be achieved at high values of permeability and saturation
magnetization of the particles.
The magnetic particles chosen for MSEs can be magnetized under application of an ex-
ternal magnetic field and induce magnetic dipoles, which interact with each other causing
the apparent changes in the stiffness and shape of the MSE sample. This phenomenon we
call magneto-sensitivity. Both the ability to magnetize under external magnetic field and
the magnitude of the saturation magnetization affect strongly the mechanical behaviour
of MSEs.
During the last decade, different kinds of ferromagnetic particles, which are able to mag-
netize under external magnetic field, were used as fillers for MSE preparation. The type,
shape and size as well as their magnetic properties influence directly the magneto-induced
deformation and MR effect in MSEs. Usually the magnetic particles are prepared from
pure iron Fe [37, 45, 63], iron oxides such as magnetite Fe3O4 [23, 64], maghemite γFe2O3
and Fe3O4(Fe) [23], or iron-based alloys such as iron-cobalt Fe− Co [65, 66]. However,
mostly carbonyl iron particles are used as fillers in MSEs [18, 43, 45, 50, 52] because
they exhibit soft magnetic properties with high value of the saturation magnetization. It
is worth pointing out that other magnetizable particles such as Ni,Co,Fe2O3,SmCo and
their compounds can also be used.
Carbonyl iron is made by treating iron with the carbon monoxide (CO) under heat and
pressure. The resulting pentacarbonyl iron Fe(CO)5 is then decomposed under controlled
conditions, and yields CO and iron powder that is extremely pure with an average particle
size from hundreds nanometers to a few microns [22, 50, 68]. Carbonyl iron particles have
a shape very close to ideal spheres [22, 69] and a density of about 7.86 g/cm3 [70, 71]. The
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Figure 2.1. SEM image of BASF SQr carbonyl iron powder. Adopted from ref. [67].
purity of the carbonyl iron ranges from about 95% to about 99.9% with traces of carbon,
oxygen and nitrogen.
The particle size can affect the processing and properties of the MSEs, as was shown in
refs. [50, 68] and others. Based on the size, the magnetic filler particles used in MSE can
be divided into three groups: below 10 µm, between 10 to 100 µm and above 100 µm
[19]. More than 70 % of all synthesized MSEs were produced with the particle, which
size is below 10 µm [19]. The reason for choosing a small particle size is that the smaller
particle size provides a more effective area of interfacial friction between the particle and
matrix resulting in a good damping factor. Besides, the small size particles can be coated
to reduce corrosion and improve bonding between the particles and the matrix [25].
In Figure 2.1 the scanning electron microscopy (SEM) image of BASF SQr carbonyl iron
powder is presented. One can see that carbonyl iron particles have a spherical shape,
with the typical size being of the order from hundreds of nanometres to a few microns.
Nonetheless, the aggregates of carbonyl iron particles can have an irregular shape. It
is worth to mention that the magnetic particles such as Ni,Co,Fe2O3, SmCo have an
irregular shape or a shape of asymmetric ellipsoids with an average size of the major axis
counting from micron to a few tens microns [45, 72, 73]. The irregularly shaped particles
can provide an additional effect due to their rotation [72].
Several magnetically soft alloys are available, which provide higher values of the saturation
magnetization and permeability than carbonyl iron particles. Some of them are available
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as a powder with micron and submicron diameter ranges or as a bulk metal. There are a
variety of methods to reprocess these bulk metals into powder particles of required shape
and size. These alloys can be incorporated into the elastomer matrix with the goal to
optimize the controllable mechanical properties of MSEs.
Processing
Lanotte et al. have provided state of the art and development trends of novel nano-
structured elasto-magnetic composites [72]. Preparation and properties of MSEs based
on silicone rubber/polystyrene blend matrix as well as effects of rubber/magnetic particle
interactions on the processing of MSEs are well described in [74, 75]. Gong et al. have
presented a method to fabricate MSEs using carbonyl iron particles, silicone oil and silicone
rubber at room temperature [76, 77]. MSEs based on polyurethane/silicone rubber hybrid
were described in [78].
Usually, the magnetic particles are stirred manually into the polymer matrix. At high
filler contents (above 20 vol.%) it is getting harder to disperse the particles in the matrix,
because the wetting of the particles becomes insufficient. Plasticizers may be introduced
to facilitate the dispersion. After mixing the components, the compound has to be de-
gassed under vacuum to avoid bubbles in the cross-linked elastomer. The degassing of the
compounds takes longer, when higher filler loadings are used, since the viscosity increases.
After the degassing procedure the isotropic distribution can be fixed just by cross-linking
under the supply of the heat in the absence of external magnetic field. The anisotropic
spatial distribution of particles can be obtained additionally by application of the mag-
netic field to the mixture. This field is named arrangement magnetic field. The required
strength of the arrangement magnetic field for the alignment of the particles inside the
matrix depends hereby mainly on the viscosity of the polymer melt and on filler loading,
which influence directly the morphology of the anisotropic structures [79–81].
During the cross-linking step the high differences between densities of the filler and the
matrix force the particles to settle, if they are not subjected to the arrangement magnetic
field. This leads to undesired sedimentation effects during the preparation of isotropic
samples. But also under the arrangement magnetic field, insufficient filler surface treat-
ments can lead to lower cross-linking density of the vulcanizates and therefore also to
sedimentation [82]. To avoid sedimentation, the viscosity of the uncured compound can be
increased, but this will also hamper the tendency to orient the particles under magnetic
field. It is therefore required to study the influence of the fillers or plasticizers on the
curing behaviour of the compounds. The addition of magnetic fillers themselves leads to
an increase in viscosity of the suspension and to an increase in the elastic modulus of the
cross-linked elastomer. To lower the elastic modulus and to increase the MR effect either
plasticizers are used or the curing ratio is changed.
Spatial distribution of particles and characterisation
Structural investigations show that the attractive and repulsive interactions between mag-
netizable particles lead to various types of spatial distributions of the particles inside the
polymer matrix. Therefore, it is possible to produce the MSE sample with isotropic (homo-
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Figure 2.2. Light microscopy images of isotropic (left) and anisotropic (right) samples for narrow
(upper row) or broad magnetic particle distribution (lower row). Adopted from ref. [67].
geneous) or anisotropic (chains and columnar structures of particles) spatial distribution
of magnetic particles [83, 84], depending on the method of preparation. Morphology and
influence of the microstructure of MSEs on the mechanical properties in the presence and
absence of magnetic field were studied in a number of works [20, 37, 38, 85–89].
In particular, preparation of isotropic MSEs filled up to 70 wt.% by carbonyl iron particles
was described in [88]. The highly filled isotropic polyurethane elastomer was prepared
through an in situ polycondensation method. The dispersion problem of magnetizable
particles at a high content in the matrix was overcome by the combination of surface
modification, ball milling and in situ polymerization. The microstructure of the composite
was examined in detail using fourier transform infrared spectra and scanning electron
microscope (SEM), while the mechanical properties were studied using tensile tests [88].
Anisotropic MSEs have been synthesized from a silicone matrix (polysiloxane) and iron
particles with the average size around 100 µm and volume fraction up to 28% by Shiga et
al. [20], from a polyurethane matrix and carbonyl iron particles with a size range of 3-5 µm
and volume fraction 26% and 31% by Wu et al. [36], from a natural rubber and carbonyl
iron particles with an average diameter of 3.5 µm and volume fraction 11% by Chen et
al. [86] and by others. It was shown by means of optical micrography that the adjacent
particles built the straight lines already at low strength of the arrangement magnetic field,
for instance, at the field of 27 kA/m as shown in [20].
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To characterize the morphology of the anisotropic distribution of particles many other
methods can be used. For instance, the morphology can be indirectly quantified by mea-
suring the mechanical properties of anisotropic specimen parallel and perpendicular to the
direction of the chains, formed by the particles [43]. At the same time, either light or elec-
tron microscopy can be applied to determine the filler distribution directly [16, 50, 90].
In Figure 2.2 light microscopy images of isotropic (left) and anisotropic (right) MSE sam-
ples, synthesized at IPF from PDMS matrix and carbonyl iron particles, are presented.
As shown in Figure 2.2, the width of the anisotropic structures is determined by the de-
gree of poly-dispersion of particle size: the narrow column structures are observed for
mono-dispersed particles (upper row) whereas the broad column structures are formed by
poly-dispersed particles (lower row).
Another possibility to characterize the spatial distribution of the magnetic filler is X-ray
microcomputed tomography (µCT). In particular, the influence of different filler contents
on morphology and mechanical properties [82] as well as the influence of magnetic field
strength [81] was recently investigated by this X-ray µCT method. Besides, the small
angle neutron scattering (SANS) method can be efficiently used for investigation of MSE
samples. It is worth mentioning that this method is usually utilised for investigation of
the formation of microstructures in ferrofluids. The SANS method functions especially
well if the size of the magnetic particles is in the range 1-100 nm.
Magnetic properties of MSEs
The bulk magnetic properties of MSEs strongly depend on the magnetic properties of the
embedded particles. As a first step, let us consider briefly the magnetic properties of the
rigid magnetic particles. One of the magnetic characteristics is the magnetization curve,
i.e. the dependence of magnetization M on the magnetic field H:
M = χH, (2.1)
where χ is a dimensionless magnetic susceptibility that indicates the degree of magnetiza-
tion of a material in response to the magnetic field. The value of χ is not a constant for
non-linear magnetics, where χ depends on H. The magnetic susceptibility χ is connected
with the relative permeability of material µr as χ = µr − 1.
The magnetization M of ferromagnetic meterials increases with increase of the magnetic
field H and reaches the limiting value Ms, which is called the saturation magnetization.
The magnetizing process of ferromagnetic particles is characterised by a hysteresis loop, the
form of which is defined by the isothermal remanent magnetization Mrs, initial magnetic
susceptibility χini and coercive field Hc, see Figure 2.3.
The values of Mrs, Hc and χini determine two types of magnetic materials: magnetically
soft and magnetically hard materials. Magnetically hard materials have high values of
Mrs from 300 kA/m to 1300 kA/m and Hc from 50 kA/m to over 200 kA/m, the initial
susceptibility and permeability are low [91]. Magnetically soft materials have no rema-
nent magnetization and the coercive field, or their values are comparatively low, the initial
susceptibility is high from 60 to over 2× 105. Magnetically hard materials have large hys-
teresis loss due to large hysteresis loop area, whereas the magnetically soft materials have
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Figure 2.3. Sketch of the hysteresis cycle for ferromagnetic materials.
low hysteresis loss due to small hysteresis area. Therefore, magnetically soft particles can
be more easily magnetized in the applied magnetic field than magnetically hard particles
[92].
On the other side, magnetically soft materials can show superparamagnetic behaviour with
high values of the magnetic saturation Ms and magnetic susceptibility χini, see Figure 2.5.
Similar to ferromagnetic material, the hysteresis in superparamagnetic materials has sig-
moidal shape, but without any loop. Superparamagnetic particles have high values of
Ms ∼ 1500− 2000 kA/m (see Table 2.1), which can be easily reached at H ∼ 700 kA/m,
in comparison to the paramagnetic materials, for which the saturation magnetization can
be reached only at H > 7000 kA/m. It is worth noting that the value of the satura-
tion magnetization Ms does not exceed 2000 kA/m at room temperature for any material
[91].
The difference between the ferromagnetic and superparamagnetic behaviour of such ma-
terials as Fe,Co,Ni and etc. is determined by the size of the particle and by the domain
structure. A domain in a ferromagnetic material consists of the group of coupled magnetic
spin moments. The magnetic spin moments align spontaneously in one direction inside
a domain by the exchange forces below a critical Curie temperature TC . The boundaries
between domains are called domain walls. The formation of domain walls becomes ener-
getically favorable at some critical particle diameter, Dc. The size of the magnetic particles
with respect to the value Dc determines the magnetic properties of a magnetic material,
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Figure 2.4. Dependence of the coercive field strength Hc on the size of particles.
since it affects essentially the coercive field Hc, which is the strength of the magnetic field
required to demagnetize a magnet (see Figure 2.3).
Figure 2.4 shows the coercive field Hc as a function of the particle size. The red line
indicates the superparamagnetic behaviour. One can see that the coercive field reaches a
maximum value atDc ∼ 10 nm. This means that the size of the magnetic domains does not
exceed 10 nm. As a result, the nano-sized magnetic particles are mono-domain magnets
with a permanent magnetic moment. Magnetic dipole moments of different particles are
randomly oriented in space. In contrast to nano-sized particles, the micro-sized particles
have a multi-domain structure. In the absence of an external magnetic field, the domains
are randomly oriented inside each particle due to thermal fluctuations. This provides a
zero total magnetization of the particles. Under influence of an external magnetic field all
magnetic domains rotate and orient along the field, hence the total magnetization of each
particle is increased.
The magnetic properties of the particles determine the magnetic behaviour of magneto-
sensitive elastomers. High susceptibility and high saturation magnetization result in strong
inter-particle interaction. Particle interactions and possible agglomerate formation can
strongly influence the mechanical behaviour of MSEs. Saturation magnetization, Ms, ini-
tial susceptibility, χini, magnetization curves of MSEs as a function of the volume concen-
tration of magnetic particles, give an insight into microstructural characteristics of these
composite materials. Therefore, the magnetization curves of MSEs have been investigated
in many studies [22, 25, 93].
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Figure 2.5. Hysteresis of ferromagnetic, paramagnetic and superparamagnetic materials.
The magnetization curves of pure carbonyl iron powder and the composite particles pre-
pared from carbonyl iron particles covered by a polymeric shell were measured at room
temperature by Arias et al. [22]. The narrow shape of the hysteresis cycles of both the
pure carbonyl iron and the composite particles indicates a soft magnetic behaviour of the
powder (superparamagnetic behavior). The magnetic behavior of the composite particles
is similar to that of the pure carbonyl iron, except that the polymeric shell reduces the
magnetization of the sample.
The saturation magnetization and initial magnetic susceptibility of the particles and MSEs
prepared from them were measured in many studies [6, 22, 47, 79, 94]. The saturation
magnetization was estimated to beMs ≈ 1580 kA/m and magnetic susceptibility χini ≈ 20
for carbonyl iron particles with the average diameter of 470 nm [22]. Similar values were
obtained for particles of the size of 2 µm: Ms ≈ 1990 kA/m and χini ≈ 130 [65]. Also, no
loops of hysteresis were observed even for the iron powders with particles of the same size
(2 µm) as well as for MSEs synthesized on the base of this powder [6].
The magnetization curve M(H) for materials with no loop of hysteresis can be described
in a good approximation by the Fröhlich–Kennely equation [22, 95]:
M = MsχiniH
Ms + χini|H|
, (2.2)
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Table 2.1. The typical values of saturation magnetization Ms of some ferromagnetic metals and
metal oxides, used in MSEs [22, 30, 65, 96].
Metals/Oxides Ms, [kA/m]
Carbonyl iron 1580-1990
Fe 1340
Co 1270
Ni 430
γ-Fe2O3 360-370
Fe3O4 435-475
Fe2O3-Fe3O4 ∼420
MnFe2O4 400
CoO·Fe2O3 380
CoFe2O4 375
which gives M as one-to-one function of H. The Equation (2.2) can be formally applied
to superparamagnetic particles as well as for ferromagnetic particles which exhibit very
narrow hysteresis cycles. The magnetization M(H) increases with increasing magnetic
field and tends to the saturation magnetization, Ms, when H →∞.
On the other side, the magnetization curve of a ferrogel sample, which consists of nano-
sized carbonyl iron particles with permanent dipole moments is well described by the
Langevin function L (ξ) [55]:
M = φMsL (ξ) = φMs(coth ξ − 1/ξ), (2.3)
where φ is the volume fraction of magnetic particles in the whole gel and the parameter ξ
of Langevin function L (ξ) is defined as:
ξ = µ0mH
kBT
. (2.4)
Here H is the strength of an external magnetic field, µ0 is the magnetic permeability of
the vacuum, m is the magnetic dipole moment of mono-domain ferromagnetic particle and
kB denotes the Boltzmann constant.
To study the magnetic properties of MSEs, which consist of polydomain magnetic particles
with characteristic size of 1 µm, we will use the Fröhlich–Kennely equation (2.2). It is
convenient to introduce the reduced magnetization M/Ms and rewrite Equation (2.2) in
the terms of dimensionless parameter h:
M
Ms
= h1 + |h| , (2.5)
where h is reduced magnetic field:
h = χiniH/Ms. (2.6)
The dependence of M/Ms on h is given in Figure 2.6.
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Figure 2.6. Reduced magnetization M/Ms as a function of the reduced magnetic field
h = χiniH/Ms. Adopted from ref. [97].
The reduced magnetization M/Ms will be used in the further calculations as a parameter
of the microscopic theory.
2.2 Mechanical properties of MSEs: experimental data
2.2.1 Magnetostriction
Magnetostriction is a property of ferromagnetic materials, which consists in the change
of their shape or dimensions during the process of magnetization. The magnetostrictive
properties are consequence of change of magnetization under the application of external
field, as it is illustrated in Figure 2.7. A rod of a magnetic material of length L is sur-
rounded by a coil of wire carrying an electrical current so that a magnetic field, H, is
produced along the rod. With the current flowing, the length of the rod increases by a
small amount ∆L. The strain ε = ∆L/L is called the magnetostriction [5].
The magnetostriction effect was first identified in 1842 by James Joule in a crystalline
steel bar when external magnetic field was applied [98]. Thereafter this phenomenon is
termed as Joule effect, in order to describe strain produced in a crystalline material when
it is subjected to the magnetic field.
The magnetostriction in crystalline materials is induced by change of the atomic bonds in
the crystal lattice. The variation of material magnetization due to the applied magnetic
field changes the magnetostrictive strain, which reaches the limiting value at H →∞, this
limiting value being always positive.
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Figure 2.7. Joule magnetostriction. (a) The changes in shape in response to the magnetic
field H. H is proportional to the electrical current i that passes through the solenoid. (b) The
relationship between ∆L/L and H. Adopted from ref. [5].
Figure 2.7 (a) shows that in addition to an increase in length in the direction of the field,
there is also usually a decrease in width in the perpendicular directions and, as a result
of this, the volume of the rod remains nearly, but not quite, constant. Figure 2.7 (b)
also reveals two important features of magnetostriction: firstly for high strength of the
magnetic field, ε = ∆L/L eventually reaches a saturated value εs, and secondly, the sign of
ε does not change when the field H becomes negative, i.e. is applied in opposite direction.
The rod increases in length for both positive and negative values of the magnetic field
strength [5].
The term ”magnetostriction” in MSEs was introduced in analogy with crystalline materi-
als. However, sometimes this phenomenon is called also ”magneto-induced deformation”
[4]. Magnetostriction in MSEs is a phenomenon, which describes changes in the sample
shape in response to the application of the external magnetic field. Magnetostriction is
a response to the magnetic interactions between the particles as well as the mechanical
interactions between the particles and a rubber-like matrix.
Magnetostriction of MSEs can be either positive (elongation) or negative (contraction)
with respect to the direction of applied external magnetic field. However, magnetostriction
in MSEs belongs to the so-called even magnetic effects, since it is independent of the sign of
the magnetic field. The relative elongation of the MSE sample in the direction of the field
(longitudinal magnetostriction) or perpendicular to the direction of the field (transverse
magnetostriction) have been measured in [6, 99–103]. For metals and most alloys the
longitudinal and transverse magnetostriction have opposite signs, and the magnitude of
transverse magnetostriction is smaller than the longitudinal one.
Magnetostriction in antiferromagnets, paramagnets and diamagnets is infinitely small. In
ferromagnetic materials, such as iron, nickel and cobalt, the magnetostriction is of the
order of 10−5. The largest magnetostriction has been found in the rare-earth metals and
compounds. For instance, terbium-dysprosium-iron alloys exhibit strains up to 0.002 [6].
On the other side, experimental studies report that the value of magnetostriction in MSEs
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is much lager than in crystalline materials, i.e. it is up to 16 % [6, 99–103]. Therefore,
magnetostriction in MSEs is called sometimes a giant magnetostriction [99]. The magne-
tostriction in MSEs strongly depends on the elasticity of polymer matrix, volume fraction
and arrangement of the particles.
Magnetostriction of MSEs with isotropic particle distribution as a function of the applied
magnetic field at volume fraction of irregular carbonyl iron particles 15%, 20% and 27%
has been measured in [102]. It was found that the strain ε of all samples increases with
increase of the applied magnetic field. The increase of the magnetostriction slows down
when the magnetic field approaches ∼ 400 kA/m. This shows that the magnetostriction
effect saturates like in crystalline materials. The magnetostriction observed in isotropic
MSE samples at saturation is much larger than the magnetostriction of crystalline car-
bonyl iron, which is usually less than 1 ppm (parts per million, 1 ppm = 0.0001%) [102].
It was found that the isotropic MSE sample with 15% volume fraction of particles shows
a weak saturation magnetostriction of 24 ppm, while the isotropic MSE sample with 27%
volume fraction of particles shows a relatively large saturation magnetostriction of 134
ppm. Thus, it was found that the magnetostriction of isotropic MSEs increases with the
increase in particles volume fraction. Additionally, the influence of particle shape and par-
ticle spatial distribution on the magnetostriction of MSEs have been studied in [102]. The
field depended magnetostriction has been measured for MSE samples with uniform vol-
ume fraction but with different spatial arrangement of the irregular carbonyl iron particles
within matrix: isotropically distributed and aligned in chains along the field direction and
perpendicular to the field direction. It was found that the magnetostriction of anisotropic
MSE samples increases with increase in applied magnetic field and slows down also at ∼
400 kA/m. However the values of saturation magnetostriction are different. The largest
saturation magnetostriction of 183 ppm is exhibited by the MSE sample with chain-like
structures aligned perpendicular to the applied field. The MSE sample with chain-like
structures aligned parallel to the field exhibits the smallest saturation magnetostriction
of 56 ppm. Note that the saturation strain of isotropic MSE sample with randomly dis-
tributed particles, which has been discussed above, is 134 ppm [102]. Thus, the obtained
results show that the rotation of irregular particles can also lead to a positive magne-
tostriction effect in direction of the applied field, however the value is lower than 0.02%.
In work [102] and in most experiments it was shown that anisotropic MSEs elongate along
the magnetic field. However, in some works it was found that MSEs with the chain-
like structures contract along the direction of the magnetic field [101]. The same was
reported in ref. [104]: isotropic MSEs expand along the applied magnetic field, while
structured MSEs contract along the field directed parallel to the chain-like structures.
Other measurements of magnetostriction in MSEs with chain-like structure also provide
contraction of MSEs. For instance, in ref. [63] the magnetostriction was measured by
an optical sensor (MTI KD-320A) and a simulation, based on a perfect chain picture
(long chains without defects), was performed for a composite with the volume fraction
of particles equal 10%. As a result, it was found that the magnetostriction of MSE
with perfect chain-like structure is negative and its absolute value increases with the
magnetic field. It reaches 1.4 % at H = 120 kA/m. Thus, experimental measurements give
contradictive results for magnetostrictions of MSEs with different particle distributions.
However, it is obvious that the sign of magnetostriction strongly depends on the particle
arrangement.
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On the basis of the analysis of the existing experimental data we can select three possible
mechanisms of magnetostriction in MSEs under external magnetic field, which can explain
experimental findings: magnetostriction of magnetizable particles, rotation of the magnetic
particles and movements of the particles due to their mutual interaction.
• All ferromagnetic materials, including iron, exhibit magnetostriction, meaning that
they extend or shrink upon the application of a magnetic field. Almost all fer-
romagnetic materials have rather small magnetostriction. This value is obviously
smaller than the giant magnetostriction of the MSEs, found in experiments. Thus
this mechanism has no effect in the MSEs.
• The second mechanism of magnetostriction is important when MSEs are filled by
anisotropic magnetic particles with large aspect ratio. The giant linear magne-
tostriction in elastic ferromagnetic composites prepared from the silicone matrix
and anisotropic pure iron particles with aspect ratio 1.5-2 was observed in [32, 99].
As mentioned above, the micro-sized carbonyl iron particles, which are usually used
for preparation of most MSEs, have spherical shape close to ideal. Thus, this makes
magnetostriction due to rotation of the particles impossible in such MSEs.
• The third mechanism is the most plausible. MSEs prepared on the basis of soft
polymer matrices, in which the flexibility of polymer sub-chains between the cross-
links allows a considerable degree of particle movement. A noticeable rearrangement
of particles into chain-like structures was observed recently in MSEs with initially
isotropically distributed magnetic particles under application of the magnetic field
[24, 93]. This mechanism will be used as an assumption of the microscopic theory
of MSEs under external magnetic field, which is developed in this work.
It is interesting to note that presently most experimental results do not coincide with the
results of theoretical calculations or simulations. For instance, Monte Carlo simulations
predict that both isotropic and anisotropic MSEs always contract along the direction of
magnetic field [60]. Analytical calculations [105] have shown that the deformation of
isotropic MSE is dependent on the aspect ratio of the sample, i.e. the MSE contracts
if the aspect ratio is larger than the critical value and elongates if the aspect ratio is
smaller than the critical value. There exist theoretical studies predicting a positive sign of
the magnetostriction effect in isotropic composites, which are considered as a continuous
medium [104, 106, 107]. Obviously, the researchers cannot reach an agreement on the
experimental results and theoretical analysis. Therefore, the deformation properties of
MSE in a uniform magnetic field need to be further investigated by theoretical methods.
One of the classical theoretical methods, which considers a continuous medium is electro-
dynamics. The classical electrodynamics predicts that a homogeneous magnetic sphere,
brought into a homogeneous magnetic field, elongates along the field [108]. This effect
is indeed observed in ”ferrogels” [42, 58, 109–112], where magnetic particles can diffuse
through the mesh of the matrix and build elongated clusters under application of the
external magnetic field. Due to this effect the ”ferrogel” sample exhibits a macroscopic
elongation. In the case of MSEs we cannot use the theory of continuous medium, because
the micro-sized magnetic particles cannot diffuse through the mesh of polymer network
and rearrange their mutual positions. We will discuss the mechanical properties of ”fer-
rogels” in more details in Chapter 4, where the finity of sample size and ”soft” coupling
between sample deformation and positions of particles will be taken into account.
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2.2.2 Magnetorheological effect
Rheology is defined as the science of deformation and flow of materials under the influence
of an applied stress [113]. The rheological properties of an MSE, such as viscosity, elastic-
ity and plasticity, can be altered in response to an applied magnetic field. Thus, variable
magnetic fields can provide controllability to these properties [15]. The change of the me-
chanical moduli of a material under external magnetic field is called a magnetorheological
effect (MR effect).
The magnetorheology of MSEs is a reversible change in moduli in an applied magnetic
field. MR effect refers both to static and dynamic mechanical moduli, such as the Young’s
modulus, the shear modulus, the bulk modulus. Usually the absolute and relative MR
effects are considered. For instance, the absolute MR effect for the Young’s modulus is
the difference between the initial modulus of the filled matrix E0 and the modulus of this
matrix EH after application of the external magnetic field:
∆E = EH − E0. (2.7)
Also, the MR properties of MSEs can be evaluated by the relative MR effect, i.e. the ratio
of ∆E to E0. The relative MR effect in percent we define as:
∆E/E0 =
EH − E0
E0
· 100%. (2.8)
Many experimental works studied the dependence of the static mechanical moduli of MSE
on the magnitude of external magnetic field [1, 6, 20, 31, 33, 43, 45, 66, 88, 94, 114–116].
The most of experimental tests for tensile and shear deformations indicate the increase of
the elastic modulus [6, 43, 66] and shear modulus [20, 31, 33, 45, 88, 94, 114–116] with
increase of the magnetic field for both isotropic and anisotropic MSEs. Below we discuss
some examples of the experimental tests of the MR effect.
In ref. [1] the anisotropic MSE has been prepared using a silicone matrix loaded with
carbonyl iron particles of 3-4 µm mean diameter. Chain-like structures were obtained
during the curing process in the presence of the arrangement magnetic field of 800 kA/m.
Three MSE samples were prepared with the volume fraction of particles equal 10, 20
and 30%. The magnetic field was applied along the chain-like structures and the shear
displacement was performed perpendicular to the applied magnetic field. It was shown
that the MR effect on the shear modulus increases monotonically with increase of the
volume fraction of filler. While the change in the modulus increases to nearly 0.6 MPa as
the volume fraction increases to 30%, the zero field modulus also increases with particle
loading. As a result, the maximum increase in shear modulus for the three samples remains
relatively constant between 30% and 40% [1].
The MR effect for the Young’s modulus of isotropic and anisotropic MSEs has been mea-
sured in [65]. The MSE samples were prepared on the base of silicone rubber, filled by
carbonyl iron particles of the average size 2 µm with different volume fraction of particles.
The initial Young’s modulus of MSE samples was evaluated from the stress-strain curve
in the absence of the magnetic field. For instance, for isotropic MSE sample E0 was found
' 450 kPa at volume fraction of particles φ = 30%. It was shown that the initial mod-
ulus E0 decreases linearly with decrease of φ. The traction tests of MSE samples were
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performed in a uniform magnetic field. For that purpose the cylindrically shaped MSE
samples of the length 50 mm and diameter 7 mm were placed inside the core of a coil with
the length 250 mm. The stress-strain curve shows that the initial stress of about 20 kPa,
which does not exist in an isotropic MSEs, arises in an anisotropic MSE sample due to the
attraction between the magnetic particles. The value of the stress ∆σ = σ(H)−σ(H = 0)
was measured at different strains and different magnetic fields. It was found that the value
of ∆σ increases with increase of the magnetic field and, as a result, the Young’s modulus
increases with increase of the magnetic field [65].
The mechanical behavior of isotropic and anisotropic MSE samples in a uniform mag-
netic field, has been compared in series of works [6, 42, 43, 110]. The MSE samples were
synthesized from PDMS matrix filled by carbonyl iron and Fe3O4 particles. The volume
fraction of the rigid particles was varied between 10 and 30 wt% in the polymer matrix.
Depending on the direction of the field in respect to the mechanical stress, two kinds of
experimental arrangements were studied for the isotropic MSE and five kinds of experi-
mental arrangements for the anisotropic MSE. It was shown that mechanical behaviour of
MSE can be different if the direction of the applied magnetic field, the chain-like structure
of the particles and mechanical loading is varied. For example, if the particle chains are
parallel to the direction of the uniform magnetic field and to the applied force, the elastic
modulus of the elastomers increases significantly with a magnetic field. This experimental
arrangement provides the highest MR effect. The increase up to 100% of the modulus
has been observed, when the initial elastic modulus is small E0 = 55 kPa [43]. In MSE
with randomly distributed particles only a slight increase in the modulus has been found
[43].
In [117] it was shown that the elastic modulus dramatically increases with increase of the
arrangement magnetic field at low field levels. The change of the elastic modulus becomes
small, when the MSE sample is produced at the arrangement magnetic field larger than
30 kA/m. The MSE samples prepared under the arrangement field of 10 kA/m and 30
kA/m display an initial elastic modulus, which is 8.6% and 15.6% larger than that of
the non-aligned sample, respectively [117]. This explains the decrease of MR effect with
increase of the arrangement magnetic field.
The viscoelastic properties of MSEs were studied by using dynamic compression testing of
a tunable spring element in the presence and in the absence of the magnetic field [16, 118].
It was shown that MSEs can change their mechanical moduli depending on the magnetic
field strength. Effect of a homogeneous magnetic field on the elastic behavior of MSEs
was studied in [24]. Three types of deformation: elongation, static and dynamic shear
were applied. The giant increase of the elastic modulus up to ∼ 1 MPa in the external
homogeneous magnetic field with 0.3 T for both isotropic and structured composites was
found.
Other experimental tests demonstrate that the shear modulus of MSEs can vary from
2-3kPa to 100kPa in response to a change of the applied magnetic field to 0.3 T. In
particular, the experimental works show that the storage shear moduli of MSEs increase
with increasing strength of the magnetic field and depend on the microstructure of these
materials, e.g. on the volume fraction and spatial distribution of magnetic particles [86].
For instance, it was shown that the MR effect can reach up to 0.35 MPa, when the
arrangement field is about 1 T [86].
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The MR effect for dynamic shear modulus was evaluated in the absence and in the presence
of the magnetic field in a number of works [45, 76]. In particular, the isotropic MSE samples
were prepared from nitrile rubber and magnetizable particles. Two different types of the
magnetizable particles were used: irregularly shaped pure iron particles, produced by the
Höganäs company, Sweden, with the average size of particles about 100 µm and spherical
carbonyl iron particles (BASF SQ, Germany) with the size about 3.9-5.0 µm [45]. In ref.
[76] the MSE samples has been prepared from silicone rubber and spherical carbonyl iron
particles (BASF, Germany) with an average diameter of 3 µm. The MSE samples were
produced with different weight fractions of particles from 20% to 70%. In [45] the storage
modulus was measured at frequencies from 1 to 21 Hz. The amplitude strain was 2.5% at
1 Hz and decreased with increase of the frequency to 0.6% at 21 Hz. In [76] the storage
modulus was measured at high frequencies from 100 to 600 Hz and at the fields 0 and
0.2T.
It was shown that the MR effect for storage modulus increases with increase of amount of
carbonyl iron particles [45, 76]. When the weight fraction of carbonyl iron particles is 20%,
there is no self-assembled microstructure in the sample [76]. When the weight fraction of
carbonyl iron particles reaches 40% and more, the self-assembled microstructure can be
seen clearly. The relative modulus increase can reach roughly 60%, when the field is about
1.0 T, which is similar to the results of anisotropic MSE fabricated under a strong magnetic
field [1]. It was found that the isotropic MSE samples with large irregular particles show
a large MR effect then the isotropic MSE samples with carbonyl iron or even anisotropic
MSE samples with carbonyl iron. The increase in modulus of about 0.4 MPa was found
at 10 Hz and 0.24T, while the anisotropic MSEs with carbonyl iron show an increase of
0.7 MPa at 10 Hz and 0.85T [1].
Moderate relative MR effect of modern MSEs limits their industrial applications. One
possible way to increase the MR effect is to use large content of iron particles. However,
if an amount of particles is too large, it would result in high initial modulus and, thus,
in a low relative MR effect. Also, the mechanical properties, stability and inoxidizability
of MSEs would deteriorate rapidly with increasing amount of iron [45]. Another way to
obtain MSEs with high MR effect is to synthesize anisotropic MSEs with perfect chain-like
distribution of magnetic particles. The later was done by using a new form of chemical
modification [115].
In order to obtain MSEs with high MR effect, a new class of anisotropic rubber-based
MSEs was developed using a new form of chemical modification. Three different kinds of
surfactants, i.e. anionic, non-ionic (Span 80) and compound surfactants, were employed
separately to modify iron particles [115]. The MR effect was evaluated by measuring the
dynamic shear modulus of MSE with a magneto-combined dynamic mechanical analyzer
[115]. Results show that the relative MR effect can be up to 188%, when the iron particles
are modified with 15% Span 80. Scanning electron microscope observation shows that the
modification by compound surfactant results in both a perfect compatibility between the
particles and the rubber matrix and a special self-assembled structure of the particles.
Such special structure has been proved beneficial to achieve the high relative MR effect
[115].
The experimental studies have initiated the theoretical analysis of the mechanical proper-
ties of MSEs under magnetic field, as will be discussed in the next section.
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2.3 Theoretical approaches to mechanical properties of MSEs
The MR effect and the effect of magneto-induced deformation in MSEs have been a subject
of many theoretical studies. Among them one should mentioned analytical theories [1,
4, 20, 27, 28, 107, 119–123] and constitutive modeling [29, 104, 124–128]. This indicates
importance of the theoretical analysis for understanding the mechanical properties of MSEs
under an external magnetic field. However, one confronts here a challenging task, since
the problem is highly non-trivial. Especially, many researchers understand under MSEs
a much wider class of field-controllable functional polymers, including ferromagnetic gels
(ferrogels), foams or porous soft solids swollen by a ferrofluid. The general concept for
study of the mechanical properties of MSEs in an external magnetic field does not exist.
Contrary, a theory is commonly developed to study a particular problem, for instance,
only the magneto-induced deformation [4] or only the MR effect for the shear modulus
[1, 20, 27].
Existing theoretical studies can be roughly classified as phenomenological, continuum-
mechanics and microscopic approaches. In the phenomenological approaches, one considers
the MSE as a (nonlinear) solid and solves appropriate mechanical constitutive equations
which are coupled with the electromagnetic equations. Such phenomenological approaches
have been applied to study shear [29, 119–121, 124] or nonlinear deformations [125, 126,
129, 130]. For instance, in ref. [29] an expansion into a series of the shear modulus as a
function of the strength of the magnetic field has been proposed, the coefficients of the
expansion being considered as phenomenological fitting parameters.
The continuum-mechanics approach was introduced by Landau et al., who solved the prob-
lem of determining the shape and the change in volume of a conducting sphere placed in a
uniform electric field [108]. Since calculation of effective electric and magnetic properties
belong to the same class of problems, this approach was used for an analytical modeling of
the magneto-induced deformation by Raikher et al. [4]. It is worth pointing out that the
continuum-mechanics approach is restricted to homogeneous particle distributions, and
thus, it is not able to consider explicitly the influence of a particle distribution on the MR
effect.
Recently, the continuum-mechanics approach was modified by Zubarev to study magneto-
induced deformation of ferrogels [131, 132], i.e. the magnetic systems with randomly
oriented permanent magnetic moments. In these studies the continuum-mechanics ap-
proach was modified phenomenologically to take into account the local particle distribu-
tion. The latter was introduced through an equation of the magnetic susceptibility χ of
MSE, assuming that the rearrangement of particle positions provides the change of χ. The
method proposed allows considering implicitly stochastic particle distributions [131] and
the chain-like distributions [132] within a ferrogel. However, the theory is restricted to the
qualitative predictions of a sign of the magneto-induced deformation and does not predict
magnitudes of the deformation and the mechanical moduli as functions of the magnetic
field. Besides, MSEs and ferrogels are totally different magnetic systems in terms of the
mechanism, how the particles move and how the magnetic moments orient, see Equa-
tions (2.2)-(2.3) above. Thus, this recent approach [131, 132] cannot be applied directly
to MSEs.
In this context, the microscopic approach has a clear advantage, while a discrete particle
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distribution and pair-wise interactions between induced magnetic dipoles can be considered
explicitly. In the last decade a number of microscopic models have been proposed for study
of the MR effect, in particular, one-chain discrete model [1, 20, 27] and multi-chain discrete
model [28]. The main focus in the most of these studies was to predict the shear modulus,
G, in the specific geometry, when the shear displacement is perpendicular to the direction
of the applied magnetic field [1, 20, 27]. The analytical results for G, obtained in the
frame of microscopic approach, are in good agreement with the experimental data, where
the increase of G with increase of the external magnetic field has been found [43]. This
means that the MR effect is positive for shear deformation.
Contradictory results of experiments and microscopic theory were found for elastic mod-
ulus E. The most experimental measurements show the increase of E with increase of
the external magnetic field in the tensile experiments in the direction parallel to the field.
The microscopic approach [123] predicts however results for E, which are very sensitive
to the particle distribution and, as a consequence, the MR effect can be positive or nega-
tive [133]. It is worth noting that the negative MR effect for E is predicted assuming the
affine deformation [133], whereas a non-affine deformation is observed in some experiments
[24].
The theoretical modeling of MSEs is not limited only to referred above methods. There
are a lot of numerical simulations and finite element modeling (FEM) [93, 134–137]. In
particular, Stepanov et al. have performed numerical simulations, using a model, in which
the continuous material was replaced by a set of elastic rods connecting the magnetic
particles. These elastic rods describe elastic forces which appear in a polymer matrix due
to displacement of particles. The system of non-stationary equations has been considered,
where the driving force consists of the magnetic and elastic forces [93]. As a result, the
spatial rearrangement of the particles into a chain-like structure and contraction of the
sample were observed [93]. One should mention also FEM as another powerful tool for
the numerical solution of coupled problems involving a phase-field order parameter [137].
Below we consider in more detail several approaches which are used in the literature to
describe the mechanical properties of MSEs.
2.3.1 Constitutive modeling
The full system of equations suitable for deformable magneto-sensitive solids in an electro-
magnetic field was considered in refs. [29, 124]. In these works the strain-energy functions
for isotropic MSEs were presented and a simple phenomenological model was suggested.
The authors derived the basic system of constitutive equations, which include the electro-
magnetic, mechanical and thermodynamic variables. For these variables the appropriate
physical laws, such as Maxwell equations for continuum media, mechanical balance laws
and the laws of thermodynamics have been used. The mechanical balance laws were based
on the constitutive equations for magneto-sensitive Cauchy-elastic solids. The deformation
gradient tensor and the magnetic induction vector were chosen as the basic variables.
Later, the constitutive formulation based on a total energy density function has been
developed, and the solutions of boundary value problems were obtained using different
energy densities [126]. The resulting equations, coupled with suitable boundary and initial
conditions, were used to illustrate the application of the constitutive model and the theory
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by considering the simple shearing of an MSE between two parallel plates with a magnetic
field directed perpendicular to the plates. It has been shown that any one of the magnetic
induction vector, magnetic field vector, or the magnetization vector can be used as an
independent variable of the problem and the other two can be obtained then through the
constitutive relations.
Here we present the main equations for non-linear magneto-elastic deformations of MSEs
developed in refs. [29, 124, 126, 127, 130] and presented in [119]. It is supposed that a body
made of MSE deforms under the common action of mechanical loading and magnetic field.
The deformation is characterized by the deformation gradient tensor F and by the right
Cauchy-Green deformation tensors C = FTF. The Jacobian of the deformation gradient
J = detF > 0 determines the change of the volume under deformation. For incompressible
materials J = 1. The magnetic field is described by the magnetic induction vector B, the
magnetic strength vector H, the magnetization M and their Lagrangian counterparts Bl,
Hl, Ml respectively, defined as:
Bl = JF−1B, Hl = FTH, Ml = FTM. (2.9)
The key assumption of the proposed theory is that there exists a total magneto-elastic
free energy Ω, which incorporates in its definition the elastic and magnetic energy stored
by the magneto-sensitive body [29, 119, 124, 126]:
Ω = Ω(F,Bl). (2.10)
Then, the total nominal stress tensor T, which corresponds to the transpose of first Piola-
Kirchhoff stress tensor and the magnetic strength vectorHl can be obtained from Ω(F,Bl)
as:
T = ∂Ω
∂F , Hl =
∂Ω
∂Bl
. (2.11)
Another key of the proposed theory is to define a total Cauchy-like stress tensor, which
is denoted as τ that incorporates in its definition the body forces, which are written as
the divergence of a tensor field. The total nominal stress tensor T is related to the total
Cauchy-like stress tensor τ:
T = JF−1τ (2.12)
and the magnetic field H in the current configuration is:
H = F−T ∂Ω
∂B
. (2.13)
Similar relations in which the independent variable is the magnetic field H or the magne-
tization M were presented in [138].
For a volume preserving (isochoric) deformation we have J = 1. It is the internal con-
straint for an incompressible material which is a very good approximation for rubber-like
materials, including MSEs. The constitutive relations for mechanical stresses in such
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materials include the hydrostatic pressure p:
T = ∂Ω
∂F − pF
−1, τ = F∂Ω
∂F − pI. (2.14)
The total stress tensor τ must satisfy the balance equation (in the absence of mechanical
body forces)
∇τ = 0. (2.15)
To simplify the model, a necessary minimum number of invariants is identified on which
the total energy function is based. In order to be objective, the free-energy function is the
scalar function of the invariants of an objective strain measure such is the right Cauchy-
Green deformation tensor C and its first three invariants. The magnetic field induces a
preferred direction in the initially isotropic magneto-sensitive material. The constitutive
expressions are similar to those of a transversely isotropic material and depend on the
additional invariants involving the vector B:
I1 = tr(C), I2 =
1
2
[
(tr(C)2 − tr(C2)
]
, I3 = detC,
I4 = B2l , I5 = (CBl) ·Bl, I6 = (C2Bl) ·Bl. (2.16)
The explicit forms of the total stress tensor τ and the magnetic field vector H obtained
from Equations (2.13)-(2.16) are [119]:
τ = 2Ω1b + 2Ω2(I1b− b2)− pI + 2Ω5B⊗B + 2Ω6(B⊗ bB + bB⊗B),
H = 2(Ω4b−1B + Ω5B + Ω6bB), (2.17)
where
Ωi =
∂Ω
∂Ii
(2.18)
and b = FFT is the left Cauchy-Green deformation tensor, ⊗ is the dyadic product.
This formulation has been particularly useful in dealing with the problems related to
magneto-elasticity. The boundary value problems on nonlinear deformation and wave
propagation have been studied in [139–142], using the formulation given by Equa-
tions (2.9)-(2.17). Mentioned above works also consider representative boundary-value
problems for some of which exact solutions can be found.
The first numerical simulation of a boundary-value problem involving finite geometry was
performed in [139]. In this work the problem of a circular cylindrical tube of finite length
in an axial magnetic field has been examined. Note that this problem is not trivial, since
the magnetic field inside the cylindrical sample of finite size is not uniform. Nevertheless,
the resulting boundary-value problem was solved using a finite-difference method and
non-uniform field inside the sample was calculated [139].
The constitutive modeling of anisotropic MSEs was performed only recently, using the
method of transverse isotropy of media [143, 144] or using the structure tensor [145].
Using the general theory of transversely isotropic functions, Danas et al. have found free
energy Ω as a function of ten independent invariants, which contain the magnetization
[143, 144]. Saxena et al. have incorporated the structure tensor g for the material into
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the magneto-elastic free energy Ω:
Ω = Ω(F,Bl,g), (2.19)
The structure tensor g was defined as:
g = 14π
∫
S
ρ(n)n⊗ ndS, (2.20)
where the unit vector n represents the direction of a particle chain, S is the unit sphere,
ρ is a probability density function defining orientation of the particle chains. The explicit
expressions for the stress tensor and the magnetic field vector on the structure tensor g
have been found and different structures have been considered [145].
The disadvantage of the constitutive modeling is that the functional dependence of the
shear modulus on the magnetic field is prescribed and that the coefficients of the expansion
are considered as phenomenological fitting parameters [29]. In particular, based on the
experimental data [1, 2], it was assumed that G can be fitted by the quadratic function of
magnetic induction B:
G = G0 +K|B|2 (2.21)
and coefficient K is positive. The numerical simulation of the simple shear of an incom-
pressible MSE between two infinite parallel plates subjected to a magnetic field perpendic-
ular to shear direction was performed and compared with the experimental data obtained
by Jolly et al. [1]. In spite of phenomenological assumption, an acceptable agreement was
found in the pre-yield region between results of the numerical simulation and the experi-
mental observation [1, 29]. It is worth pointing out, however, that Equation (2.21) in [29]
has been not derived as a function of the structural parameters.
Nevertheless, the features of the MSE magneto-elasticity and constitutes comprehensive
guidelines for experimentalists in the design of tests and loading conditions necessary for
practical evaluations of the material response. The relatively simple formulation of the
constitutive equations is suitable for the implementation into finite element codes [119].
2.3.2 Continuum-mechanics approach
Now let us consider in more detail the continuum-mechanics and microscopic approaches,
which allow obtaining the mechanical properties of MSEs as functions of structural pa-
rameters: finite shape and microscopic structures of MSE samples, respectively. Both
approaches are based on minimisation of a free energy functional. Since the MSE has two
components, the elastic matrix and magnetic particles embedded in it, the free energy F
of MSEs is usually written in a following form:
F = Felast + Fmagn, (2.22)
where Felast is the elastic energy of a deformed MSE due to the entropic elasticity of
polymer chains and Fmagn arises from the magnetic potential energy of particles placed in
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an external magnetic field. Although both approaches are based on the minimization of
F , they differ in the calculation method of Fmagn.
The continuum-mechanics approach is based on the assumption that the magnetostriction
comes from the demagnetizing fields induced in specimens [4]. Due to these fields an
isotropic magneto-elastic sample of finite spherical shape of the radius R0 under external
uniform magnetic field H0 elongates in the direction of the applied field and transforms
into an ellipsoid of rotation with the semi-axes B < R0 < A (see Figure 2.8).
Figure 2.8. Magnetostriction effect of the uniformly magnetized elastic sphere in a homogeneous
magnetic field H0.
The elastic free energy of a deformed MSE is usually described by the Mooney-Rivlin law,
which is reduced to the linear Hooke law in the case of small deformations. The material
is assumed to be incompressible [146], which provides the expressions for the semi-axes of
ellipsoid: A = R0(1 + ε) and B = C = R0/
√
1 + ε, where ε = (A−R0)/R0 is the relative
elongation (strain) along the direction of the magnetic field (x-axis).
Further, it is assumed that the MSE sample has an isotropic bulk magnetization MV . In
this case the internal H and external H0 magnetic fields for a uniaxially deformed sphere
are related as follows [108]:
H = H0 −N(Γ)MV (H), (2.23)
where N(Γ) is the demagnetizing factor, which depends on the aspect ratio Γ = A/B
[108]:
N(Γ) =

Γ−2
(1−Γ−2)3/2
[
arth
(√
Γ2−1
Γ
)
−
√
Γ2−1
Γ
]
,Γ > 1
1/3 , Γ = 1
Γ−2
(Γ−2−1)3/2
[√
1−Γ2
Γ − arctg
(√
1−Γ2
Γ
)]
,Γ < 1.
(2.24)
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The vector H is related to MV as H = χ−1MV . Substituting the last equation into
Equation (2.23), we obtain:
MV =
H0
χ−1 +N(Γ) . (2.25)
Noteworthy that Γ is related to the strain ε:
Γ = (1 + ε)3/2 (2.26)
and at small ε demagnetizing factor N(ε) can be given as a series over ε:
N(ε) ' 13 −
2
5ε+O(ε
2). (2.27)
The change of the magnetic free energy of the magnetizable sphere after application of
the external magnetic field is equal to dFmagn = −µ0MV dH0, where H0 is the external
magnetic field and µ0 = 4π×10−7 N/A2 is the permeability of the vacuum [108]. In linear
response regime MV is linearly dependent on H0 and after integration of dFmagn over dH0
from 0 to H0, we get the following expression for the magnetic free energy:
Fmagn = −
µ0
2 MV (H0) ·H0. (2.28)
Substituting Equation (2.25) into Equation (2.28) we get:
Fmagn = −
µ0
2
H20
χ−1 +N(Γ) . (2.29)
Assuming that the linear elasticity of the MSE can be described by the Hookean law, the
total free energy F of MSE, given by Equation (2.22), can be written as:
F = E0ε
2
2 −
µ0
2
H20
χ−1 +N(ε) , (2.30)
where E0 is the Young’s modulus of MSE in the absence of magnetic field.
The equilibrium elongation is determined from the minimum of free energy:
(
∂F
∂ε
)
H0=const
= E0ε−
µ0
2
H20
(χ−1 +N(ε))2
∂N(ε)
∂ε
= 0. (2.31)
Using expansion of N(ε) given by Equation (2.27), this results in:
εeq =
µ0M2V (H0)
5E0
, (2.32)
which means that the equilibrium elongation εeq is always positive, being a quadratic
function of the magnetization MV . It increases at increasing magnetization, and thus at
increasing magnetic field H0 for the uniformly magnetized elastic sphere. The uniformity
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of magnetization implies that magnetic particles have to be homogeneously distributed
inside the sample. This can be achieved only, if the particles are densely packed and
sufficiently small to be able to freely diffuse through the mesh of a polymer network. The
mesh size of a weakly cross-linked polymer network is about 10-100 nm. Thus, freely
diffusing particles should have the size of 5-50 nm, which is the case in ferrogels [57–60].
For such systems the magnetostriction effect can be well described by the demagnetization
factor N(Γ). However, MSEs are mainly prepared from the micro-sized particles which
cannot freely diffuse through the mesh. The particles in MSEs are separated by the dense
layer of the polymer matrix. The small displacement of such particles causes the local
movement of matrix.
There are several theoretical works, where the sign of magnetostriction coincides with the
result εeq > 0 [4, 104, 107]. These works use the continuum-mechanics approach also
and deal mainly with a homogeneous isotropic distribution of magnetic particles inside
an MSE. The results of theoretical works [4, 104, 107] are in agreement with experiments
which show that MSEs with homogeneous distribution of magnetic particles demonstrate
a uniaxial expansion along the magnetic field [101, 107]. On the other side, it was shown
experimentally [26, 63, 101], that MSEs with the chain-like distributions of magnetic
particles demonstrate a uniaxial compression along the magnetic field. The continuum-
mechanics approach cannot consider a non-homogeneous particle distribution. Therefore,
the microscopic approaches were proposed in literature.
2.3.3 Microscopic approach
The microscopic approach considers a non-magnetic elastic matrix filled with magnetic
particles. Dipole-dipole interactions between the particles are taken into account explicitly.
These interactions lead to the pair-wise attraction and repulsion depending on mutual
positions of the magnetic particles. This results in changes of a shape and mechanical
moduli of an MSE. The first simplified model considered only two particles, aligned along
the direction of the external magnetic field [1, 20, 27].
The interaction energy of two magnetic dipoles m1 and m2, placed into non-magnetic
matrix, is given by [91]:
U(r) = −µ04π
[3(m1 · r)(m2 · r)
|r|5 −
(m1 ·m2)
|r|3
]
, (2.33)
where r is the radius-vector that connects two dipoles. In the case of identical magnetic
dipoles and assuming the shear displacement perpendicular to the field, the shear strain
is defined as γ = |∆r|/|r0|, see Figure 2.9. Then, the interaction energy U(r) can be
rewritten as:
U(r) = µ02π
(γ2 − 2)
(γ2 + 1)5/2
|m|2
|r0|3
. (2.34)
To calculate the magnetic energy of the material an approximation in which the interac-
tions between only the nearest particles is considered [1]. It is assumed that the composite
consists of N particles, which are organised into chains. Thus, the magnetic energy per
unit volume is
Fmagn =
N
V
U(r), (2.35)
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Figure 2.9. Schematic presentation of of two particle model for shear deformation, developed in
ref. [1].
where V is the volume of the sample.
The shear modulus, induced by the application of a magnetic field, can be calculated by
taking the second derivative of Fmagn with respect to the scalar shear strain γ: ∆G =
∂2Fmagn
∂γ2 . This gives at small γ:
∆G ' µ0φυ04π
|M|2
|r0|3
, (2.36)
where the magnetic moment of the particle m is expressed via magnetization of particles
M as m = υ0M and volume fraction φ as φ = Nυ0V . Here υ0 is the volume of the magnetic
particle of radius R: υ0 = 43πR
3.
One can see, that the shear modulus is an even increasing function of the particle mag-
netization. Moreover, ∆G depends on the ratio R/r0 that includes the gap between the
particles d = r0 − 2R: υ0/r30 ∼ 12(1− d/r0)
3.
Shiga et al. have calculated the increment of the shear modulus ∆G from two particles
dipole-dipole potential (2.34), which are aligned in the direction of the magnetic field and
create the chain-like structure [20]. It was found that ∆G is proportional to M2:
∆G ' M
2
µ0
√
1 + γ . (2.37)
Authors emphasize by using Equation (2.37) that the changes of macroscopic mechanical
properties of MSEs in external magnetic field are qualitatively related to the microscopic
interaction between induced-dipole moments.
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The theoretical predictions of MR effect in shear modulus have been compared with exist-
ing experimental data. In particular, the change in modulus ∆G due to a large magnetic
field was calculated analytically by Davis, using single chain particle model [27]. It was
shown that ∆G can reach approximately 50% of G0 for typical elastomers, which is suf-
ficiently large for such application as the suspension system bushings and some other
applications. The optimum volume fraction of iron particles is predicted to be 27%.
Later, in the frame of two particle model the Young’s modulus was calculated by Zhou
et al. in [35, 147]. The elongation strain was introduced as displacement of one particle
in respect to the other in direction along the external magnetic field. This simplified
two-particle model predicts the decrease of the Young’s modulus with increasing magnetic
field.
The main disadvantage of mentioned above two-particle models is that they are not able
to predict the equilibrium magneto-induced deformation. For that another theoretical
study was performed by Borcea et al. in the frame of microscopic theory [104], assuming
a random distribution of ferromagnetic particles embedded within a non-magnetic elastic
matrix. The authors established a theoretical model to evaluate the magneto-induced
deformation at regime of small volume fractions φ. To study the effect of magnetic in-
teractions in the composite on its bulk properties, the average strain for various applied
mechanical loads and magnetic fields was calculated from the system of equation of bal-
ance law for stress, forces and moments. Borcea et al. show that MSEs with isotropic
particle distribution elongate in the direction perpendicular to the applied magnetic field
[104].
The analytical expression for the elastic modulus E of ferrogel containing isotropically
distributed magnetic particles with a constant magnetic dipole moment was derived by
Taniguchi et al. [133]. The free energy of ferrogel was considered as a sum of elastic free
energy and dipole-dipole magnetic free energy. The modulus was found from the pertur-
bative expansion of the total free energy over infinitesimal deformation ε as a function
of the magnetization M and the azimuthal angle θ between the magnetic field and the
direction of deformation:
E(M, θ) = E0 + ∆E(M, θ), (2.38)
where ∆E(M, θ) is the increment of the elastic modulus: ∆E(M, θ) ∼M2P2(cos θ). M is
the magnetization of the sample, P2(cos θ) is the second order Legendre polynomial.
It was found that the elastic modulus E is anisotropic in nature: it increases/decreases
with the density of magnetic particle, when the direction of strain is perpendicular/parallel
to the direction of magnetization [133]. This behavior is qualitatively in good agreement
with the experimental data obtained by Mitsumata et al. [62].
As we see from above, the microscopic approach based on simplified two-particle models
cannot consider the effects of sample form and, as a result, properly describe the magne-
tostriction effect.
2.4 Summary
The literature overview given in the present chapter shows that the topic of the thesis is
actual and important for further understanding of the structural processes, which deter-
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mine mechanical properties of MSEs. State of the art shows that the magnetostriction and
MR effect in MSEs are widely discussed in literature. These phenomena were investigated
in detail in experiments, where it was shown that the magnetostriction and MR effect
are very sensitive to the particle distribution. In particular, the magnetostriction can be
positive or negative, depending on the microstructure of MSEs.
Theoretical approaches, which describe the mechanical properties of MSEs, can be clas-
sified as the continuum-mechanics and microscopic ones. The continuum-mechanics ap-
proach predicts elongation of MSEs along H0 and cannot take into account explicitly the
particle distribution. The microscopic approach uses simplified models such as two-particle
models and etc. These models cannot consider the effects of sample form. Moreover, in
many works the MR effect was considered only for the shear deformation. The tensile
modulus in such samples was calculated from G as E = 3G. However, this relation does
not hold anymore when the sample becomes anisotropic under influence of the magnetic
field.
Thus, it is necessary to develop the model, which properly describes the mechanical be-
haviour of MSEs in the external magnetic field taking a microscopic structure of these
materials explicitly into account as well as the finite shape effect. Moreover, the coupling
between the particle movements under external magnetic field and sample deformation
under mechanical loading also should be taken into account, since it plays the essential
role in establishing the sign and the value of magnetostriction and MR effect.
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3 Microscopic theory of mechanical
properties of MSEs: infinite lattice models
In the previous chapter, we reviewed experiments and theoretical studies, which indicate
that the mechanical properties of MSEs in an external magnetic field are determined
by several factors, such as volume fraction and magnetic susceptibility of the magnetic
particles, microscopic structure of MSEs, etc. In particular, the induced dipole-dipole
interactions between magnetic particles depend strongly on the spatial distribution of
magnetic particles. In the present chapter we develop a microscopic theory that describes
mechanical properties of MSEs in a homogeneous external magnetic field, taking micro-
scopic structure of MSEs explicitly into account. The mechanical properties of infinitely
large MSEs will be studied, neglecting the boundary effects. Finity of the sample will be
considered in Chapter 4.
To describe different distributions of particles we use models based on the infinite regular
lattices. The regular lattice models allow us to consider displacements of the particles
under external magnetic field and influence of these displacements on the mechanical
properties of MSEs. Introducing different lattices such as simple cubic (SC), body-centered
cubic (BCC) and hexagonal close-packed (HCP), we will show that the spatial distribution
of magnetic particles inside an elastomer matrix affects strongly the mechanical properties
of MSEs. Moreover, such regular dispersion of particles in an elastomer matrix allows us to
consider chain-like and plane-like particle distributions via modification of the lattices.
We assume in this chapter the affine deformation and incompressibility of MSEs that
enable us to analyze the equilibrium magneto-induced deformation. The dependence of
the equilibrium deformation on the reduced magnetization of particles is considered for
different volume fractions of particles and different values of the matrix elasticity. Two
types of small deformation applied to the MSE exposed to the magnetic field are studied:
tensile and shear deformations. The tensile and shear moduli are calculated as functions
of the reduced magnetization of the particles taking into account the magnetostriction.
As mentioned in Section 2.3, investigation of the mechanical properties of MSEs can be
done from analysis of the free energy. Thus, we will start from the consideration of the
form of the free energy as a function of the deformation and the magnetic field. Typical
MSEs are characterized by a strong elastic coupling between the positions of particles and
the deformation of the sample. This coupling is due to the fact that magnetic particles are
much larger than the mesh size of the polymer network. The diffusion of particles through
the polymer network is prevented due to high concentration of the cross-links. Hence,
the particles can only fluctuate around their average positions. Since our work is devoted
to the static mechanical properties of MSEs, we consider only average displacements of
particles coupled to the matrix. Under these assumptions the free energy of the deformed
MSE under external magnetic field will be constructed and the mechanical properties of
MSEs under magnetic field will be analysed.
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3.1 Helmholz free energy as a function of deformation: general
equations
As discussed in Section 2.3, we consider the free energy, F , of the MSE, placed into
external magnetic field, H0. The free energy consists of two contributions as presented in
Equation (2.22). The first contribution is the elastic free energy, Felast, of a deformed MSE
due to the entropic elasticity of polymer chains. The second contribution is the magnetic
free energy, Fmagn, that arises from the magnetic potential energy of particles placed in
an external magnetic field.
3.1.1 Elastic free energy
To obtain the elastic free energy Felast of an MSE under finite deformation as a function
of the strain we use the approach of a continuous medium. This approach means that
the sample is divided into the representative volumes of an elastic matrix which contain a
large number of particles. Under this assumption, the free energy per unite volume Felast
of an MSE under non-linear deformations can be expressed through the Neo-Hooke law
that can be written in general form [148, 149]:
Felast =
G0
2 (I1 − 3), (3.1)
where the material parameter G0 is the effective shear modulus of an MSE, I1 is the
first scalar invariant of the Cauchy-Green deformation tensor C: I1 = Tr C. The value
of G0 includes contributions of different possible effects into the elastic energy appearing
under elongation of a sample: reinforcement of an elastic matrix by the rigid particles due
to non-uniform deformation of the matrix between the particles (strain amplification),
possible adhesion of a polymer matrix onto surfaces of rigid particles, etc. However, we do
not discuss here, how the value of G0 depends on these effects, since this task is a special
problem in the theory of elasticity for isotropic reinforced rubbers [150, 151]. Instead we
use G0 as a parameter of the theory assuming that it can be extracted from experimental
data for elasticity of an MSE in the absence of the magnetic field. In our theory we use
the condition of the incompressibility for elastomeric matrix, i.e. Poisson’s coefficient
ν = 1/2. Due to the axial symmetry with respect to the external magnetic field H0, the
MSE displays the uniaxial deformation along H0. In this case the first scalar invariant I1
has the form:
I1 =
∑
i
λ2i , (3.2)
where λx, λy, λz are the elongation ratios for the deformation of an elastomer in the three
principal directions.
The mechanical response of an elastomer to the magnetic field is characterized by the value
of the strain ε = ∆l/l, where ∆l and l are the elongation and original size, respectively, of
an elastomer along the direction of the magnetic field (x-axis). The condition of constant
volume for elastomers [146, 152] allows us to relate the elongation ratios λx, λy, λz as
follows:
λx = 1 + ε, λy = λz = 1/
√
1 + ε. (3.3)
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Within the framework of Neo-Hooke approximation, the elastic free energy Felast can be
expressed as the following function of strain ε:
Felast =
G0
2
(
(1 + ε)2 + 21 + ε − 3
)
. (3.4)
For small deformations Equation (3.4) transforms to the linear Hooke law:
Felast =
E0ε
2
2 , (3.5)
where the Young’s modulus of a filled elastomer, E0, is determined as E0 = 3G0 assum-
ing the sample isotropy and incompressibility. Our task is to describe the mechanical
behaviour of an MSE under application of the magnetic field and to investigate how this
behaviour depends on the value of E0.
As it is known, the Neo-Hooke law describes correctly the stress-stain behaviour of elastic
polymer matrix up to the strains of 20% [146]. A lot of experiments show that in MSE
samples with the initial Young’s modulus from 10 to 100 kPa, the magnetostriction does
not exceed 20% at typical strength of the magnetic field [6, 24, 99, 100]. For instance,
for soft MSEs with E0 ' 4 kPa the extension is about 5% at 400 mT [112] or with
E0 ' 10 − 13 kPa the extension is about 16% at 800 mT [6]. For such deformations the
Neo-Hooke approach provides a good approximation to study mechanical properties of
MSEs.
For consideration of larger deformations in MSEs, which can occur in a soft polymer
network with the Young’s modulus lower than 1kPa, one can use a precise expression for
the elastic free energy. For example, the expression obtained in the frame of extended tube
model of rubber elasticity, taking into account non-affine deformation of the entangled tube
[153].
3.1.2 Magnetic free energy
In this section we consider the magnetic energy of MSEs in the linear response regime,
in which the magnetization is a linear function of the magnetic field. In this regime the
magnetic free energy Fmagn of an MSE per a unit volume in an external homogeneous
magnetic field H0 is given by [108, 154], c.f. with Equation (2.28):
Fmagn = −
µ0
2 MVH0, (3.6)
where MV is the bulk magnetization of the MSE. To consider a microscopic structure of
MSEs, we assume that point-like magnetizable particles are dispersed in a non-magnetic
matrix. Thus, MV = cm, where c is the number of magnetic dipolesm in the unit volume.
The total magnetic field H, acting on each particle inside MSEs, is the sum of the applied
magnetic field H0 and magnetic field, induced by other point-like dipoles, Hd:
H = H0 + Hd. (3.7)
For linear magnetizable particles the relation between m and H can be written as
m = kυ0H, where k is the dimensionless proportionality constant, υ0 is the volume
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of particle. For instance, for magnetizable sphere k = 3 µ−µ0µ+2µ0 , where µ = µrµ0 is the
magnetic permeability of the particle, µr is its relative permeability [108, 154]. The bulk
magnetization of the MSE is given byMV = ckυ0H. SubstitutingMV into Equation (3.6)
and using Equation (3.7), we find:
Fmagn = −
µ0
2 ckυ0 (H0 + Hd)H0. (3.8)
Introducing the magnetic dipoles of the j-th particle, induced by only the applied magnetic
field H0, mj = kυ0H0, we can rewrite the last equation in the form:
Fmagn = −
µ0
2
1
V
∑
j
mj (H0 + Hd) , (3.9)
where c = N/V was written as c = 1V
∑N
j , N is a number of particles, V is the volume of
an elastomer.
One can see that the magnetic free energy Fmagn consists of two contributions: the dipole-
field interaction energy and the dipole-dipole interaction energy between the particles
[154, 155]. However, the dipole-field interaction energy −µ02
1
V
∑
jmjH0 is independent of
the strain ε as well as of the position of the other particles, since the magnetic dipole mj
depends only on the applied magnetic field H0: mj = kυ0H0. It does not provide the
contribution to the mechanical characteristics and will be excluded from further consider-
ations. Thus, the magnetic energy Fmagn = −µ02
1
V
∑
jmjHd, which depends on the strain
ε, includes only dipole-dipole interaction energy. Using equation for the dipole magnetic
field [108, 154]:
Hd =
1
4π
N∑
i
[
3(mi · rij)rij
|rij |5
− mi
|rij |3
]
, (3.10)
the dipole-dipole interaction energy per unit volume Fmagn can be written as:
Fmagn = −
1
V
µ0
8π
N∑
ij
[
3(mi · rij)(mj · rij)
|rij |5
− (mi ·mj)
|rij |3
]
= 1
V
∑
j
Uj({rij}), (3.11)
where rij is the radius vector that joins the i-th and j-th magnetic particles. In Equa-
tion (3.11) Uj is the potential energy of the j-th magnetic particle in the field of all other
particles [91]. Note thatmi andmj are dipole moments of i-th and j-th magnetic particles,
induced by only external homogeneous magnetic field H0 .
Equation (3.11) uses the approximation of point-like dipole-dipole interactions between
magnetic particles. It was shown in the group of Raikher and co-workers [156] that this
approximation describes very well the interactions of magnetic particles of a finite radius
r at separation distances a > 3r. For MSEs with isotropic particle distribution, charac-
terized by the average distance a between neighbouring particles, the condition a > 3r
corresponds to the volume fractions φ < φc. Here the critical volume fraction φc is defined
from the condition that each particle occupies on the average the volume of a sphere with
the radius 1.5r: φc ∼ r3/(1.5r)3 ∼ 30%. Note that typical MSEs have concentration of the
particles that usually does not exceed 30-35% [102, 116, 157]. Thus, the approximation of
point-like interactions of magnetic particles given by Equation (3.11) is quite reasonable
to analyze the mechanical behaviour of MSEs with isotropic particle distribution.
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For MSEs with anisotropic particle distribution the distance between neighbouring parti-
cles in chain-like and plane-like structures can be less than 3r. In this case the quantita-
tive results of the point-like dipole-dipole approximation can differ from an exact solution
based on the interaction model of two inhomogeneously magnetizable particles, obtained
by Raikher and co-workers [156]. Nevertheless, the point-like dipole-dipole approximation
is expected to provide qualitatively correct results, since both models predict mutual at-
traction of the particles aligned in chain-like structure and mutual repulsion of the particles
aligned in plane-like structure, see Figure 2 in [156].
The value of Uj does not depend on the number j due to the translational symmetry for
the infinite lattice. Thus, we can rewrite Equation (3.11):
Fmagn = c · Uj({rij}). (3.12)
For calculation of Uj({rij}) we use thatmi = mj = υ0M. Then Uj({rij}) can be rewritten
in the form:
Uj({rij}) = −u0υ20
(
M
Ms
)2∑
i
[
3(rij)2x − |rij |2
|rij |5
]
, (3.13)
where we introduce the parameter u0:
u0 =
µ0M
2
s
8π , (3.14)
that defines the characteristic energy of magnetic interaction. For the saturation magne-
tization of the carbonyl iron particles Ms ≈ 2×106 A/m we have u0 = 2×105 Pa. Below,
we will show that mechanical behaviour of an MSE in the magnetic field is determined by
the dimensionless parameter E0/u0, i.e. by the ratio between characteristic values of the
elastic and magnetic energies.
3.1.3 Affine deformation
As one can see from previous section, the elastic free energy Felast depends on the macro-
scopic deformation (strain ε), while the magnetic free energy depends on the positions of
the particles, which change under external magnetic field. In order to relate displacements
of particles with the macroscopic deformation we use the condition of affinity of deforma-
tion and incompressibility of the sample given by Equation (3.3) [146, 152]. It is worth to
mention that the conditions of affine deformation and incompressibility of the samples are
widely used for theoretical investigation of MSEs. In particular, in the case of ferrogels
these conditions were used by Taniguchi et al. [133]. Schematic drawing of the uniaxial
deformation of MSEs in the case of affine and incompressibility conditions is presented in
Figure 3.1.
The condition of affine deformation together with condition of incompressibility, given by
Equation (3.3), leads to the following relationships for the positions of the particles:
(rij)x = (r0ij)xλx = (r0ij)x(1 + ε), (3.15)
(rij)y = (r0ij)yλy = (r0ij)y(1 + ε)−
1
2 , (3.16)
(rij)z = (r0ij)zλz = (r0ij)z(1 + ε)−
1
2 , (3.17)
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Figure 3.1. Schematic drawing of the uniaxial deformation of MSEs in the case of affine and
incompressibility conditions. The sample is stretched along the x direction by (1 + ε) times, and
shrunken in y and z direction by (1 + ε)− 12 times.
where (rij)ξ and (r0ij)ξ are the components of vectors, that separate two magnetic particles
after and before deformation, respectively, (ξ = x, y, z). Thus, the local rearrangement
of particle distribution {rij} inside the sample is related to the macroscopic strain ε by
Equations (3.15)-(3.17). Substituting Equations (3.15)-(3.17) into Equation (3.13) one
can see that the magnetic free energy Fmagn is a function of ε. It is worth to mention that
components of the radius vector r(0)ij depend on the distribution of particles. The calcula-
tion of Equation (3.11) represents a very complicated problem which includes a numerical
summation over huge number of particles in a macroscopic sample, which spatial position
is unknown. To simplify the task we introduce lattice models. Further, we consider dif-
ferent types of particle distribution and their influence on the mechanical properties of
MSEs. In particular, in Section 3.2 and Section 3.3 we consider mechanical properties of
MSEs with isotropic and anisotropic particle distributions, respectively.
3.2 Isotropic particle distributions
3.2.1 SC, BCC and HCP lattice models
In this section we consider mechanical properties of MSEs with an isotropic particle dis-
tribution that is shown schematically in Figure 3.2 (a). To mimic isotropic distribution of
the particles we introduce three different lattice models (see Figure 3.2 (b)). In particular,
it is assumed that the magnetic particles in an isotropic non-deformed MSE sample are
located at the sites of the simple cubic (SC), body-centered cubic (BCC) and hexagonal
close-packed (HCP) lattices. Let b be the edge length in the three lattices (see Figure 3.2
(b)).
For simplicity we assume that all particles are identical and have a spherical form with
radius R. The value of R characterizes the average size of particles in a real MSE. Then,
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Figure 3.2. Schematic illustration of an MSE with isotropic spatial distribution of particles (a)
and three lattice models used to model mechanical properties of an MSE (b). Adopted from [97].
the volume fraction, φ, of the particles distributed in the matrix is given by:
φ = βυ0
b3
, (3.18)
where υ0 = 4πR3/3 is the volume fraction of each particle and the factor β depends on
the type of the lattice:
βSC = 1, βBCC = 2, βHCP = 2
√
2. (3.19)
The radius vector rij in Equation (3.13) is related with the radius vector r(0)ij in a non-
deformed MSE by Equations (3.15)-(3.17). For SC, BCC and HCP lattices the value r(0)ij
can be presented in the form:
r(0)ij = b · r̃ij . (3.20)
The dimensionless vector r̃ij runs now over all sites of the infinite lattice with the edge
length b = 1 except r̃ij = 0. The components of the vectors r̃ij depend on the lattice. The
vector r̃ij for three lattices can be expressed in the following form:
r̃ij = a · ia + b · ib + c · ic, (3.21)
where ia, ib and ic are the integer numbers, a, b and c are the basis vectors for a given
lattice. The basis vectors for three lattices are presented in Figure 3.3 and have the
following forms:
• Simple cubic lattice
a = (1, 0, 0), b = (0, 1, 0), c = (0, 0, 1); (3.22)
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Figure 3.3. Basis vectors a, b and c introduced for SC, BCC and HCP lattices with the unit
edge length, |b| = 1. Adopted from [97].
• Body-centered cubic lattice
a = (1, 0, 0), b = (0, 1, 0), c = (12 ,
1
2 ,
1
2); (3.23)
• Hexagonal close-packed lattice
a = (
√
2
3 ,
1
2 ,
1
2
√
3
), b = (0, 1, 0), c = (0, 12 ,
√
3
2 ). (3.24)
Now, substituting Equation (3.13) into Equation (3.12), using Equations (3.15)-(3.17)
and Equation (3.20), the magnetic part of the free energy Fmagn can be obtained in the
following form:
Fmagn = u0φ2
(
M
Ms
)2
f(ε), (3.25)
where f(ε) is the dimensionless function of the strain:
f(ε) = − 1
β
(1 + ε)
3
2
∑
r̃ij 6=0
2(1 + ε)3(r̃ij)2x − (r̃ij)2y − (r̃ij)2z[
(1 + ε)3(r̃ij)2x + (r̃ij)2y + (r̃ij)2z
] 5
2
. (3.26)
We recall that the vector r̃ij runs over the sites of different lattices with b = 1. It can
be shown that the sum in the right-hand side converges at any values ε. In numerical
calculations we will approximate the infinite sum in the right-hand side of Equation (3.26)
by the finite sum: we stop the summation on a finite lattice, for which the increase of the
number of layers by unity changes the value of the function f(ε) no more than by 0.1%.
This procedure provides the value f(ε) with the errors of about 0.1%, since the sum in
the right-hand side of Equation (3.26) converges.
Using Equation (3.26) we consider below the magnetostriction and the Young’s modu-
lus of the MSE in the presence of an external magnetic field depending on the particle
distribution on different lattices.
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3.2.2 Free energy as a function of strain and magnetic field
As it follows from Equations (2.22), (3.4) and (3.25), the free energy of an MSE as a
function of ε has the following form:
F = G02
(
(1 + ε)2 + 21 + ε − 3
)
+ u0φ2
(
M
Ms
)2
f(ε), (3.27)
where f(ε) is given by Equation (3.26). We recall that G0 = E0/3.
We calculate the reduced free energy, F/u0, of an isotropic MSE as a function of the strain
ε for the three types of initial lattice at fixed values φ = 0.05 and E0/u0 = 2.5 and at
different values of the reduced magnetization M/Ms = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0. The value
of E0/u0 = 2.5 corresponds to the elastic modulus E0 = 500 kPa, when u0 = 2×105 Pa.
Figure 3.4 shows that application of the magnetic field leads to the shift of the minimum
of the free energy. The minimum of the free energy determines the equilibrium magneto-
induced deformation of MSE, εeq. One can see that the value and the sign of the εeq
depend on the lattice: εeq < 0 for SC and HCP lattices and εeq > 0 for the BCC lattice.
This means that both SC and HCP lattices predict a contraction of an isotropic MSE
along the magnetic field H0 (εeq < 0), whereas the BCC lattice predicts an expansion of
an isotropic MSE along the magnetic field H0 (εeq > 0).
The values of the equilibrium magneto-induced deformation εeq, that correspond to the
minima of the free energy, as well as the mechanical moduli of the MSE are functions of
the magnetic field and of the parameters φ, E0, u0. These dependences are analysed in
the next sections.
3.2.3 Equilibrium magneto-induced deformation of isotropic MSE
In this section we calculate the equilibrium magneto-induced deformation of the MSE with
isotropic spatial distribution of the magnetic particles using three lattice models presented
above. The equilibrium elongation is determined from the minima of the free energy:
∂F
∂ε
∣∣∣∣
ε=εeq
= 0. (3.28)
Substituting Equation (3.27) into Equation (3.28) we obtain the condition for εeq:
E0
3
(
1 + εeq −
1
(1 + εeq)2
)
+ u0φ2
(
M
Ms
)2 1
β
√
1 + εeq
∑
r̃ij 6=0
×
12(1 + εeq)6(r̃ij)4x − 30(r̃ij)2x(1 + εeq)3((r̃ij)2y + (r̃ij)2z) + 3((r̃ij)2y + (r̃ij)2z)2
2
[
(1 + εeq)3(r̃ij)2x + (r̃ij)2y + (r̃ij)2z
] 7
2
= 0. (3.29)
The last equation determines εeq as a function of the reduced magnetization M/Ms and
parameter β, that depends on the type of lattice. The dimensionless vector r̃ij depends on
the lattice, according to Equation (3.21)-(3.24). The elastic part is given by Neo-Hooke
law, see Equation (3.4).
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Figure 3.4. Reduced free energy, F/u0, of an isotropic MSE as a function of the strain ε calculated
for three types of initial lattice (SC, BCC and HCP) at fixed values φ = 0.05 and E0/u0 = 2.5 and
at different values of the reduced magnetization M/Ms = 0.0, 0.2, 0.4, 0.6, 0.8, 1.0. Adopted from
[97].
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Dividing both the left- and right-hand sides of Equation (3.29) by the factor u0, one can
see that the equilibrium elongation εeq depends on the elastic modulus E0 and on the
magnetic parameter u0 through their dimensionless ratio E0/u0. The last equation we
solve numerically at varied values of the reduced magnetization M/Ms.
Figure 3.5 shows dependences of the equilibrium magneto-induced deformation εeq on the
reduced magnetizationM/Ms at fixed value of the parameter E0/u0 = 2.5 and at the varied
values of the volume fraction φ = 0, 0.01, 0.05 and 0.1. Figure 3.6 shows dependences of
the equilibrium magneto-induced deformation εeq on the reduced magnetization M/Ms
at fixed value of the volume fraction φ = 0.05 and at varied values of the parameter
E0/u0 = 1.0, 2.5, 5 and 10. Figures 3.5 and 3.6 show the results for the three lattice
models: SC, BCC and HCP lattices. One can see that for the SC and HCP lattices, an
MSE is uniaxially contracted along the direction of the external magnetic field, εeq < 0
(see Figure 3.5 (a) and (c) and Figure 3.6 (a) and (c)), while for the BCC lattice, an
MSE uniaxially expands along the direction of the external magnetic field, εeq > 0 (see
Figure 3.5 (b) and Figure 3.6 (b)).
Furthermore, one can see from Figure 3.5 that the increase of the volume fraction φ results
in the increase of the equilibrium elongation |εeq|, when M/Ms is fixed. Figure 3.6 shows
that the increase of the parameter E0/u0 results in the decrease of matrix deformation
|εeq|, when M/Ms is fixed. These results are explained by the fact that the relative
contribution of magnetic interaction becomes larger at higher values of φ and at lower
values of E0/u0.
The different signs of magneto-induced deformation of MSEs with different isotropic spatial
distributions of particles (SC, BCC and HCP lattices) can be explained by the fact that
the mechanical behaviour of MSEs is determined mainly by the mutual attraction and
repulsion of the nearest particles as it is illustrated in Figure 3.7. In the SC lattice
the nearest particles to a given particle (B) are the particles A and C as presented in
Figure 3.7. Such configurations lead to the contraction of an MSE along the magnetic
field in accordance with our results presented in Figure 3.5 (a) and Figure 3.6 (a). There
are some extra particles in the BCC and HCP lattices, whose positions are determined by
the angle θ (see Figure 3.7). Depending on the value of θ, either contraction or elongation
of an MSE is possible. One can show that interaction between the particles B and D results
in the expansion at 32◦ < θ < 72◦ and in contraction at 0 < θ < 32◦, 72◦ < θ < 90◦.
Therefore, the BCC lattice predicts expansion, since θBCC = 54.7◦. For the HCP lattice
the nearest particles which lie at the angles θHCP = 35◦ provide expansion and the nearest
particles which lie at θHCP = 90◦ provide contraction. We have shown that the interplay
between contributions of the different nearest particles in HCP leads to the contraction
of an MSE. Thus, the sign of magnetostriction is strongly depended on the local spatial
distribution of the magnetic particles.
The next problem is to calculate mechanical moduli which characterize the response of
MSEs to small external deformations. It is worth to point out that an MSE under magnetic
field is an anisotropic medium. It is known that moduli for anisotropic media depend on
the direction of small deformation with respect to the axis of anisotropy [24, 158–160].
From literature review one can see that experimental measurements are mainly done for
the tensile test along the external magnetic field to obtain the Young’s modulus and for
the shear test perpendicular to the external magnetic field to obtain the shear modulus.
In the next sections we consider two types of small deformation applied to an MSE: shear
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Figure 3.5. Dependence of the equilibrium elongation εeq on the reduced magnetization M/Ms
at different volume fractions φ, calculated for the three types of initial lattice: SC (a), BCC (b)
and HCP (c). Adopted from [97].
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Figure 3.6. Dependence of the equilibrium elongation εeq on the reduced magnetization M/Ms
at different values of the parameter E0/u0 and at fixed volume fraction φ = 0.05. Adopted from
[97].
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Figure 3.7. Attraction and repulsion of magnetic particles in an MSE depending on their mutual
positions. Adopted from [97].
deformation and tensile deformation for the geometries mentioned above.
3.2.4 Young’s modulus of isotropic MSE
In the case of tensile deformation, we consider such geometry, when an additional small
mechanical force is applied along the external magnetic field H0, as it is shown in Fig-
ure 3.8. Thus, the Young’s modulus E for an elastomer deformed by the magnetic field
until the relative deformation εeq can be obtained as the second derivative of the free
energy with respect to ε:
E = ∂
2F
∂ε2
∣∣∣∣∣
ε=εeq
. (3.30)
Substituting Equation (3.26) into Equation (3.30) we obtain:
E = E03
(
1 + 2(1 + εeq)3
)
− u0φ2
(
M
Ms
)2 1
β
3
4
√
1 + εeq
×
∑
r̃ij 6=0
32(r̃ij)6x(1+εeq)9−((r̃ij)2y + (r̃ij)2z)3+90(r̃ij)2x((r̃ij)2y + (r̃ij)2z)2(1 + εeq)3[
(r̃ij)2x(1 + εeq)3 + (r̃ij)2y + (r̃ij)2z
] 9
2
−192(r̃ij)4x((r̃ij)2y + (r̃ij)2z)(1 + εeq)6
)
. (3.31)
One can see that the ratio E/E0 depends on the parameters E0 and u0 through their
dimensionless ratio E0/u0.
We have calculated numerically E as a function of the reduced magnetization M/Ms
using Equation (3.31). Figure 3.9 shows the dependence of the Young’s modulus E on the
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Figure 3.8. Tensile deformation of an MSE along the external magnetic field H0. Adopted from
[122].
reduced magnetization M/Ms at the fixed value of the parameter E0/u0 = 2.5 and at the
varied values of the volume fraction φ = 0, 0.01, 0.05 and 0.1, calculated for three types
of initial lattices: SC, BCC and HCP. Figure 3.10 is the same as Figure 3.9 but at fixed
value of the volume fraction φ = 0.05 and at varied values of E0/u0 = 1.0, 2.5, 5 and 10.
One can see that the Young’s modulus E decreases for the SC lattice (see Figure 3.9 (a)
and Figure 3.10 (a)) and for the BCC lattice (see Figure 3.9 (b) and Figure 3.10 (b)) and
increases for the HCP lattice (see Figure 3.9 (c) and Figure 3.10 (c)). Different behaviour
of E as a function of the reduced magnetization M/Ms for the three lattices is caused by
the complex combinations of interactions between particles of different mutual positions
(see Figure 3.7).
Furthermore, it can be seen from Figure 3.9 that the increase of the volume fraction φ
leads to the increase of the absolute values of the change of the modulus |E − E0| for all
distributions at fixed M/Ms. Figure 3.10 shows that the increase of the parameter E0/u0
results in the decrease of the absolute values of the change of the modulus |E−E0| for all
distributions at fixed M/Ms. These results can be explained by the fact that the relative
contribution of the magnetic energy to the modulus increases at increasing values of the
volume fraction φ and decreases at increasing values the parameter E0/u0.
It is worth pointing out that the different signs of the Young’s modulus were obtained in
the work of Taniguchi et al. [133], where the external magnetic field was applied to ferrogel
at the azimuthal angle θ to the direction of deformation. In particular, it was shown that
the Young’s modulus decreases with increase of the magnetic field, when the mechanical
loading and magnetic field are parallel [133]. It is in agreement with our research.
Thus, in this section we have shown that mechanical properties of isotropic MSEs are
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Figure 3.9. Dependence of the Young’s modulus E on the reduced magnetization M/Ms at
different volume fractions φ, calculated for three types of initial lattices: SC lattice (a), BCC
lattice (b) and HCP lattice (c). Adopted from [97].
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Figure 3.10. Dependence of the Young’s modulus E on the reduced magnetization M/Ms at
different values of the parameter E0/u0 and at fixed volume fraction φ = 0.05. Adopted from [97].
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very sensitive to the spatial particle distributions: for different lattices εeq and ∆E can
be of different sign. The SC lattice model predicts contraction of the MSE with isotropic
distribution of the magnetic particles along the direction of an external magnetic field. It
predicts that the Young’s modulus decreases with the increase of the magnetic field; the
same result is obtained for the BCC lattice model. However, in contrast to the SC lattice,
the BCC lattice model provides expansion of the MSE along the direction of magnetic
field. The HCP lattice model shows that the MSEs with the isotropic particle distribution
contract along the external magnetic field, while its Young’s modulus increases. These
findings may explain different signs of the magnetostriction observed in experiments with
differently prepared MSEs [161].
In the next section the anisotropic particle distribution will be considered.
3.3 Anisotropic particle distributions
3.3.1 Tetragonal lattice model
To describe anisotropic spatial distribution of magnetic particles in a polymer matrix we
introduce the tetragonal lattice model, see Figure 3.11. In this model, it is assumed that
the magnetic particles are located at the sites of a regular rectangular lattice.
Figure 3.11. A model of an MSE with magnetic particles arranged on the sites of a tetragonal
lattice, when (a) the external magnetic field H0 is turned off, or (b) the external magnetic field
H0 is turned on. Adopted from [122].
In the absence of an external magnetic field, the distances between neighbouring particles
along the x-, y- and z-axes are L(0)x , L(0)y and L(0)z , respectively. We assume that the
distance L(0)x can differ from the distances L(0)y and L(0)z : L(0)x 6= L(0)y = L(0)z . Furthermore,
we introduce a dimensionless anisotropy parameter α:
α = L(0)x /L(0)y (3.32)
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in order to describe different spatial distributions of magnetic particles in a polymer matrix:
isotropic distribution (α = 1), chain-like distribution (α < 1) and plane-like distribution
(α > 1), see Figure 3.12. The x-axis is the axis of symmetry of an MSE: it lies along
the chains in the chain-like structures and is perpendicular to the planes formed by the
magnetic particles in the plane-like structures.
Figure 3.12. Three different spatial distributions of magnetic particles inside an MSE. Adopted
from [122].
For such tetragonal lattice, the volume fraction, φ, of the particles is given by:
φ = υ0
L
(0)
x L
(0)
y L
(0)
z
. (3.33)
Figure 3.13. Values of αmin and αmax as functions of the volume fraction φ of magnetic particles.
Adopted from [122].
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Depending on the volume fraction of magnetic particles φ, the parameter α can vary
between its minimal and maximal values: αmin < α < αmax. Here we take into account
that the particles are rigid and cannot penetrate in one another. We obtain the value
of αmin after substitution of the relation L(0)x = 2R and L(0)y = L(0)x /α = 2R/α into
Equation (3.33) in the following form: αmin = (6φ/π)1/2. This corresponds to the chain-
like structure, when neighbouring particles in the chain touch each other, see Figure 3.12.
Substituting the conditions L(0)y = 2R and L(0)x = αL(0)y = α2R into Equation (3.33) one
can obtain the value of αmax as follows: αmax = π/6φ. This corresponds to the palne-like
structure, when neighbouring particles in the plane touch each other, see Figure 3.12.
Dependences of αmin and αmax on volume fraction φ are presented in Figure 3.13.
3.3.2 Free energy as a function of strain and magnetic field
As in the Section 3.2.2, we use Equation (2.22) for calculation of the free energy F as a
function of deformation for the tetragonal distribution of magnetic particles. For elastic
free energy Felast we use the Hooke law given by Equation (3.5), because we found in
Section 3.2.3 that the equilibrium magneto-induced deformation εeq is very small being
about 1%. The magnetic free energy Fmagn is given by Equations (3.12) and (3.13). We
again consider such a configuration when the magnetic field is directed along the axis of
symmetry (x-axis in Figure 3.11 (b)).
Now, in contrast to the isotropic particle distributions, Equation (3.13) for the tetragonal
particle distribution includes summation by rij over the sites as follows:
rij = (Lxix, Lyiy, Lziz), (3.34)
where the vector-index i = {ix, iy, iz} numerates the sites of an infinite three-dimensional
cubic lattice with unit edge length, ix, iy, iz are the numbers of the cells between i-th and
j-th particles along the x-, y- and z-axes, respectively. Lx, Ly and Lz are the edges of the
cell.
Using Equation (3.34) and taking into account the relation
Lx/Ly = (λx/λy)(L(0)x /L(0)y ) = (1 + ε)3/2α, (3.35)
Equation (3.13) can be written in the form:
Uj({rij}) = −u0
υ20
L3y
(
M
Ms
)2 ∑
{ixiyiz}6=0
2α2(1 + ε)3i2x − i2y − i2z[
α2(1 + ε)3i2x + i2y + i2z
] 5
2
. (3.36)
Here the sum runs over all sites of the tetragonal lattice, excluding the point ix = iy =
iz = 0. Taking into account the relation for concentration of particles c = 1/(LxLyLz),
Equations (3.33) and (3.35), we obtain the magnetic free energy Fmagn in the form of Equa-
tion (3.25). It is worth to mention that in contrary to Equation (3.26), the dimensionless
function is now also a function of anisotropy parameter α:
f(ε, α) = −α(1 + ε)
3
2
∑
{ixiyiz}6=0
2α2(1 + ε)3i2x − i2y − i2z[
α2(1 + ε)3i2x + i2y + i2z
] 5
2
. (3.37)
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We have found that the sum in the right-hand side converges at any values α > 0 and ε.
We approximate the infinite sum in the right-hand side of Equation (3.37) by the finite
sum over lattice indexes: we stop the summation on a finite lattice, for which the increase
of the number of layers by unity changes the value of the function f(ε) no more than by
0.1%. This procedure provides the value f(ε) with the errors of about 0.1%, since the sum
in the right-hand side of Equation (3.37) converges.
Using Equations (2.22), (3.5) and (3.25), the free energy of an MSE as a function of ε has
the following form:
F = E0ε2 + u0φ
2
(
M
Ms
)2
f(ε, α), (3.38)
where f(ε, α) is given by Equation (3.37).
Figure 3.14 presents the reduced free energy, F/u0, of an MSE as a function of the strain
ε calculated numerically at different values of the reduced magnetization M/Ms and at
fixed values φ = 0.05 and E0/u0 = 2.5. For the chain-like and plane-like structures of
magnetic particles we have chosen the values of the parameter α in such a way, that the
initial gap between nearest particles equals the radius of a particle R. Then the distance
between particles in the chain-like structures is L(0)x = 3R. This gives for the chain-like
structures:
αch =
√
81φ
4π . (3.39)
For the plane-like structures the distance between nearest particles has been chosen as
L
(0)
y = 3R, which corresponds to the value of α:
αpl =
4π
81φ. (3.40)
It is worth to mention that it was shown experimentally that the chain-like structures
contain gaps between particles, these gaps being of the order of the size of particles [63,
162]. This fact we have used in our modeling.
One can see from Figure 3.14 that application of the magnetic field leads to the shift of the
minima of the free energy to negative values of the strain, εeq < 0, for all considered spatial
distributions of particles: isotropic distribution (α = 1), chain-like distribution (α < 1)
and plane-like distribution (α > 1). This means that a sample should demonstrate a
uniaxial compression along the direction of the magnetic field. It is worth to mention that
the similar behaviour of F takes place for different volume fractions φ and for different
values of the parameter E0/u0.
Let us compare the plots on Figure 3.4 (a), where the reduced free energy F/u0 was
calculated for the isotropic SC lattice and plots on Figure 3.14 (b), where the F/u0 was
calculated for tetragonal lattice with α = 1 at the same parameters. In the first case
we used the non-linear Neo-Hooke law to describe the elasticity of polymer chains, in the
second case we used the linear Hooke law. One can see that there is no difference, since
the equilibrium deformation, caused by the external magnetic field, is very small being
about 1%.
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Figure 3.14. Reduced free energy, F/u0, of an MSE as a function of the strain ε calculated at
different values of the reduced magnetizationM/Ms and at fixed values φ = 0.05 and E0/u0 = 2.5.
The values of the parameter α are chosen according Equations (3.39)-(3.40). See text for details.
Adopted from [122].
58
3.3.3 Equilibrium magneto-induced deformation of anisotropic MSE
Magneto-induced deformation is determined from the minima of the free energy, see Equa-
tion (3.28). Substituting Equation (3.38) into Equation (3.28), we obtain the following
condition for εeq:
E0εeq+u0φ2
(
M
Ms
)2
α
√
1+εeq
∑
{ixiyiz}6=0
12α4(1+εeq)6i4x−30α2i2x(1+εeq)3(i2y+i2z)+3(i2y+i2z)2
2
[
α2(1 + εeq)3i2x + i2y + i2z
] 7
2
=0.
(3.41)
Dividing both the left- and right-hand sides of Equation (3.41) by the factor u0, one can
see that the equilibrium elongation εeq depends on the elastic modulus E0 and on the
magnetic parameter u0 through their dimensionless ratio E0/u0. We note that εeq is an
even function of M , since the transformation M → (−M) does not change the solution of
Equation (3.41) with respect to the parameter εeq.
We have solved Equation (3.41) numerically with respect to the parameter εeq. Figure 3.15
shows the dependence of the equilibrium elongation εeq on the reduced magnetization
M/Ms for E0/u0 = 2.5 and for different values of the volume fraction: φ = 0, 0.01, 0.05, 0.1.
Figure 3.16 shows the dependence of the equilibrium elongation εeq on the reduced mag-
netization M/Ms for φ = 0.05 and at different values of parameter E0/u0.
One can see from Figure 3.15 and Figure 3.16 that for any lattice structure a sample is
uniaxially compressed along the direction of the external magnetic field, εeq < 0. With
increasing value of M/Ms (i.e. with increasing magnetic field) the absolute value |εeq|
increases. This means that the degree of uniaxial compression increases with increasing
magnetic field. The sign of magnetostriction coincides with theoretical results obtained in
[127, 163].
One can expect that the mechanical behaviour of MSEs with the chain-like and plane-like
distributions of particles is determined mainly by the attraction of the particles A and B,
and repulsion of the particles B and C as it is illustrated in Figure 3.7. In the tetragonal
lattice the extra particle D is absent. For the chain-like structures, the main contribution
to the magnetic energy is due to the particles which magnetic moments lie ”in series” to
each other and are attracted to each other (A and B particles in Figure 3.7), whereas
for plane-like structures the main contribution to the magnetic energy is caused by the
particles which magnetic moments lie ”in parallel” to each other and thus repulse from
each other (B and C particles in Figure 3.7). In both configurations the total magnetic
interaction leads to the contraction of a sample along the magnetic field in accordance
with our results presented in Figures 3.15 and 3.16. Thus, we expect that the tetragonal
lattice model is applicable to MSEs with the chain-like and plane-like distributions of
magnetic particles, since this model takes explicitly into account the main interactions
between magnetic particles in these structures (see Figure 3.7).
Furthermore, one can see from Figure 3.15 that the increase of the volume fraction φ results
in the increase of the equilibrium elongation |εeq|, when M/Ms is fixed. This is explained
by the fact that the contribution of magnetic interaction becomes larger at higher values
of φ. One can see from Figure 3.16 that the increase of the parameter E0/u0 results in
the decrease of matrix deformation |εeq|, when M/Ms is fixed. This is due to the fact that
the relative contribution of magnetic interaction becomes smaller at larger values of the
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Figure 3.15. Dependence of the equilibrium elongation εeq on the reduced magnetization M/Ms
at different volume fractions φ and at fixed value of the parameter E0/u0 = 2.5: (a) chain-
like, (b) isotropic, (c) plane-like structures. The values of the parameter α are chosen according
Equations (3.39)-(3.40). See text for details. Adopted from [122].
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Figure 3.16. Dependence of the equilibrium elongation εeq on the reduced magnetization M/Ms
at different values of the parameter E0/u0 and at fixed volume fraction φ = 0.05: (a) chain-like,
(b) isotropic, (c) plane-like structures. Adopted from [122].
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parameter E0/u0. Additionally, we can conclude from Figure 3.16 that at fixed values of
M/Ms and φ the magnitude of the deformation increases at decreasing α for α < 1 as
well as at increasing α for α > 1. This result is explained as follows. At α < 1 the main
contribution to the magnetic energy comes from the particles that lie in the same chains.
With decreasing α (at α < 1) this contribution increases, since the distance between
neighbouring particles in chains decreases and, as a result, the magnitude of εeq increases.
On the other side, at α > 1 the main contribution to the magnetic energy comes from
the particles that lie in the same planes. With increasing α (at α > 1) this contribution
increases, since the distance between neighbouring particles in planes decreases and, as a
result, the magnitude of εeq increases.
3.3.4 Young’s modulus of anisotropic MSE
The Young’s modulus is determined by Equation (3.30). Substituting Equation (3.38)
into Equation (3.30), we obtain the following equation for E in the frame of the tetragonal
lattice model:
E = E0 − u0φ2
(
M
Ms
)2 3α
4
√
1 + εeq
∑
{ixiyiz}6=0
32α6i6x(1 + εeq)9−
192α4i4x(i2y + i2z)(1 + εeq)6 + 90α2i2x(i2y + i2z)2(1 + εeq)3 − (i2y + i2z)3[
α2i2x(1 + εeq)3 + i2y + i2z
] 9
2
. (3.42)
We note that E is an even function of M , since it depends on M through the factors
(M/Ms)2 and εeq that are both even functions of M .
Using Equation (3.42) we have numerically calculated E as a function of the reduced
magnetization M/Ms at varied values of the parameters φ and E0/u0. The results are
presented in Figure 3.17 and Figure 3.18. As in the previous section, we have substituted
into Equation (3.42) the values of the equilibrium elongation εeq obtained from exact
solution of Equation (3.41) and the parameter α is chosen according to Equation (3.39)
and Equation (3.40) for the chain-like and plane-like distributions of the magnetic particles,
respectively. Figure 3.17 shows the dependence of the Young’s modulus E on the reduced
magnetization M/Ms at different values of the volume fraction φ and at fixed value of the
parameter E0/u0 = 2.5. Figure 3.18 shows the dependence of the Young’s modulus E on
the reduced magnetization M/Ms at different values of the parameter E0/u0 and at the
fixed volume fraction φ = 0.05.
One can see from Figure 3.17 and Figure 3.18 that with increasing magnetization (i.e.
with increasing magnetic field) the Young’s modulus E decreases for the chain-like and
isotropic distributions of magnetic particles and increases for the plane-like distributions.
This is because in the chain-like structures of magnetic particles the main contribution
to the magnetic energy comes from the interactions between particles in a chain. The
potential of such interactions has a negative sign and goes to −∞, when the distance
between particles goes to 0, see Figure 3.19 for θ = 0. Increase of the magnetic field leads
to a greater attractive force between neighbouring particles and, thus, the contraction of
the chain is energetically favourable. Moreover, in this case the curvature of the magnetic
potential as a function of the distance between particles is negative and decreases with
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Figure 3.17. Dependence of the Young modulus E on the reduced magnetization M/Ms at dif-
ferent volume fractions φ and at fixed value of the parameter E0/u0 = 2.5: (a) chain-like, (b)
isotropic, (c) plane-like structures. The values of the parameter α are chosen according Equa-
tions (3.39)-(3.40). See text for details. Adopted from [122].
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Figure 3.18. Dependence of the Young modulus E on the reduced magnetization M/Ms at
different values of the parameter E0/u0 and at fixed volume fraction φ = 0.05: (a) chain-like, (b)
isotropic, (c) plane-like structures. Adopted from [122].
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increasing magnetic field. This leads to the decrease of the modulus E of the MSE with
increasing magnetic field.
The opposite situation takes place for the plane-like structures of the magnetic particles.
The main contribution to the magnetic energy comes from the interactions of particles
in planes, where the potential of such interactions has a positive sign and goes to +∞,
when the distance between particles goes to 0, see Figure 3.19 for θ = π/2. Increase
of the magnetic field leads to the situation when magnetic particles repulse, because it is
energetically favourable. In this case the curvature of the magnetic potential is positive and
increases with increasing magnetic field. This leads to an increase of the modulus E of the
MSE with increasing magnetic field. It turns out that for isotropic distribution of particles
inside an MSE the main contribution to the magnetic energy comes from the particles,
which magnetic moments lie ”in line” to each other (for θ = 0 in Figure 3.19). Therefore,
for the isotropic distribution of particles, the modulus E decreases under magnetic field
as for the chain-like distribution of particles.
Figure 3.19. Reduced interaction energy, Uij/U0, between two point-like magnetic dipoles as a
function of the reduced distance rij/R between the magnetic particles and at different orientation
angles θ. Here U0 = µ0m2/4πR3, where m and R are the magnetic moment and the radius of
magnetic particles, respectively. Adopted from [122].
Furthermore, it can be seen from Figure 3.17 that the increase of the volume fraction
φ leads to the increase of the absolute values of the change of the modulus |E − E0|
for all distributions at fixed M/Ms. From Figure 3.18 it follows that the increase of the
parameter E0/u0 results in the decrease of the absolute values |E−E0| for all distributions
at fixed M/Ms. These results are explained by the fact that the relative contribution of
the magnetic energy to the modulus increases at increasing values of the volume fraction φ
and decreases at increasing values of the parameter E0/u0. Additionally, we can conclude
from Figure 3.18 that the value E/E0 increases at increasing α and at fixed values of
M/Ms and φ. This tendency is explained as follows. At increasing α the curvatures of the
functions Uij increase both for the particles that lie along the x-axis (since L(0)x increases)
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and for the particles that lie along the y- and z-axes (since L(0)y and L(0)z decrease), see
Figure 3.19. Both these effects lead to the increase of the value E/E0 at increasing α, see
Figure 3.18, since the Young’s modulus, E = ∂2F/∂ε2 is proportional to the curvature of
Uij .
3.3.5 Shear modulus of anisotropic MSE
In the presence of magnetic field the MSE is characterized by the anisotropy of its me-
chanical properties: the response to a shear deformation depends on the shear direction
with respect to the direction of magnetic field H0. As a result, the shear modulus G in
MSE cannot be calculated from the Young’s modulus E, since the relation E = 3G does
not hold anymore.
Similar to the liquid-crystalline elastomers [159], one can distinguish between three prin-
ciple geometries of shear application, in which the magnetic field H0 is applied along the
shear gradient vector, along the shear displacement vector ∆r and perpendicular to the
plane formed by vector ∆r and shear gradient vector. Here we consider the first case,
that is mainly used in experiments for MSEs samples [24, 45]. In this geometry the shear
displacement is applied along the z-axis, i.e. it is perpendicular to the magnetic field, see
Figure 3.20.
Figure 3.20. Shear deformation of the MSE along the z-axis, perpendicular to the external
magnetic field H0. Adopted from [122].
The new coordinates of the particles in the elastomer under both the magnetic field and
shear deformation are given by the following equations:
(rij)x = (r0ij)x(1 + εeq), (3.43)
(rij)y = (r0ij)y(1 + εeq)−1/2, (3.44)
(rij)z = (r0ij)z(1 + εeq)−1/2 + γ(r0ij)x(1 + εeq), (3.45)
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where the shear strain is given by γ = ∆(rij)z/(rij)x, ∆(rij)z denotes the displacement of
a particle in z direction.
The free energy of an MSE after small shear displacement (∆rij)z from the equilibrium
state (with ε = εeq) can be written as:
F = G0γ
2
2 + Fmagn(γ, εeq), (3.46)
where G0 is the shear modulus of a filled elastomer and Fmagn(γ, εeq) is the change of the
magnetic energy after the shear displacement from the equilibrium state.
The value of Fmagn(γ, εeq) can be calculated from Equations (3.12) and (3.13), in which,
however, one should now substitute the values for rij given by Equations (3.43-3.45) for
the shear deformation. Performing the same procedure as in Section 3.3.2, i.e. using
Equation (3.34) and taking into account the relation Lx/Ly = (1 + εeq)3/2α, the magnetic
free energy Fmagn(γ, εeq) can be written in the form:
Fmagn(γ, εeq) = u0φ2
(
M
Ms
)2
f2(γ, εeq), (3.47)
where the dimensionless function f2(γ, εeq) has the following form:
f2(γ, εeq)=−α(1+εeq)
3
2
∑
{ixiyiz}6=0
(2−γ2)α2i2x(1 + εeq)3−i2y−i2z−2γαixiz(1+εeq)
3
2[
(1+γ2)α2i2x(1+εeq)3+i2y+i2z+2γαixiz(1+εeq)
3
2
] 5
2
. (3.48)
Hence, the free energy of an MSE as a function of γ is:
F = G0γ2 + u0φ
2
(
M
Ms
)2
f2(γ, εeq). (3.49)
The shear modulus G in the presence of the external magnetic field can be obtained as
G =
(
∂2F/∂γ2
)
γ=0, that gives:
G = G0 + u0φ2
(
M
Ms
)2
3α3(1 + εeq)
9
2 ×
×
∑
{ixiyiz}6=0
i2x
[
4α4i4x(1 + εeq)6 + 3α2i2x(i2y − 9i2z)(1 + εeq)3 − i4y + 3i2yi2z + 4i4z
]
[
α2i2x(1 + εeq)3 + i2y + i2z
] 9
2
. (3.50)
We note that G is an even function of M , since it depends on M through the factors
(M/Ms)2 and εeq that are both even functions of M .
Using Equation (3.50), we have numerically calculated G as a function of the reduced mag-
netization M/Ms for different volume fractions φ and for different values of the parameter
E0/u0. We substituted into Equation (3.50) the values of the equilibrium elongation εeq,
obtained from exact solution of Equation (3.41). Thus, we take into consideration the
effect of the magnetostriction on the shear modulus. Results are presented in Figures 3.21
and 3.22.
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Figure 3.21. Dependence of the shear modulusG on the reduced magnetizationM/Ms at different
volume fractions φ and at fixed value of the parameter E0/u0 = 2.5: (a) chain-like, (b) isotropic, (c)
plane-like structures. The values of the parameter α are chosen according Equations (3.39)-(3.40).
See text for details. Adopted from [122].
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Figure 3.22. Dependence of the shear modulusG on the reduced magnetizationM/Ms at different
values of the parameter E0/u0 and at fixed volume fraction φ = 0.05: (a) chain-like, (b) isotropic,
(c) plane-like structures. Adopted from [122].
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Figure 3.21 shows the dependence of the shear modulus G on the reduced magnetization
M/Ms at different values of the volume fraction φ and at the fixed value of the parameter
E0/u0 = 2.5. Figure 3.22 shows the dependence of the shear modulus G on the reduced
magnetization M/Ms at different values of the parameter E0/u0 and at fixed value of the
volume fraction φ = 0.05.
One can see from Figure 3.21 and Figure 3.22 that the shear modulus G increases at
increasing magnetization for all distributions of magnetic particles. As in refs. [1, 26, 28]
this effect is due to the fact that under shearing of an MSE an additional force of magnetic
interaction between particles appears, which increases the modulus. Moreover, as it can
be seen from Figure 3.21 and Figure 3.22, the value of G increases only slightly for the
isotropic and plane-like distributions of magnetic particles, as compared with the chain-like
distributions. This can be explained by especially strong magnetic interactions between
particles in the chain-like structures. The total force of these pair-wise interactions is
directed along the axis of a chain, which makes this type of structure strongly resistant
against the shearing perpendicular to the chains. Substituting values iy = 0 and iz = 0
in Equation (3.50), we recover the result obtained by Jolly et al. [1, 26], who considered
only a one-chain structure. Comparing the multi-chain result with the one-chain result it
can be shown that effect of the neighbouring chains in a multi-chain system reduces the
change of the modulus, G−G0, as compared to the value G−G0 for a one-chain system.
The neighbouring chains decrease the effect.
From Figure 3.21 one can see that the increase of volume fraction φ leads to the increase
of the shear modulus G at fixedM/Ms. This is explained by the fact that the relative con-
tribution of magnetic interaction becomes larger at higher values of φ. From Figure 3.22
it follows that the increase of the parameter E0/u0 results in the decrease of the shear
modulus G, when M/Ms is fixed. This is due to the fact that the relative contribution
of magnetic interaction becomes smaller at higher values of the parameter E0/u0. Ad-
ditionally, we can conclude from Figure 3.22 that the relative change G/G0 increases at
decreasing α and at fixed values of M/Ms and φ. This tendency is explained by the fact
that the shear modulus is determined by the magnetic interactions between the particles,
that are shifted at the shear deformation (i.e. that lie along the x-axis). With decreasing
α the interaction between these particles increases, since the distance between neighbour-
ing particles along the x-axis decreases and, as a result, the value G/G0 increases, see
Figure 3.22.
Comparing results for the shear modulus G shown in Figure 3.21b and Figure 3.22b with
result for the Young’s modulus shown in Figure 3.17b and Figure 3.18b calculated for
isotropic particle distribution, one can see that relation E = 3G is not valid. It means
that application of the external magnetic field leads to the anisotropy even in a sample
with initially isotropic particle distribution.
3.4 Discussion of the results
In this section we compare some of our findings with predictions of other theories as well as
with existing experimental data. First of all, we should mention that in our studies we have
used lattice models to describe the distribution of magnetic particles in a magneto-sensitive
elastomer. The tetragonal lattice with different values of the anisotropy parameter α
70
allowed us to consider different particle distributions including the chain-like, isotropic
and plane-like distribution. In all cases we obtained the negative sign of magnetostriction
effect, i.e. the sample slightly contracts under application of a homogeneous magnetic
field. The predicted magnitude of deformation for chain-like structures does not exceed
5% at the highest strength of magnetic field, which is in a quantitative agreement with
experimental data [26, 63]. In the case of isotropic distribution our result of equilibrium
contraction disagrees with experimental results, where the sample elongation less than 1%
has been observed [66]. We suppose that this discrepancy between the theory prediction
and the experimental finding arises from the fact that the ”isotropic” distribution on a SC
lattice does not correspond to a distribution of particles in a real isotropic composite. A
better approximation to the real isotropic distribution would be the BCC lattice packing.
As we have shown in Section 3.2.3, the BCC lattice model predicts elongation of the
isotropic MSE along the external magnetic field in accordance with experimental data.
Another question concerns the decrease of the Young’s modulus E predicted by our the-
ory for the case of chain-like particle distributions. Some experiments show an opposite
tendency, i.e. the Young’s modulus increases under application of the magnetic field
[6, 43, 66]. The reason of this discrepancy lies presumably in an idealized perfectly regular
form of the chain structures considered in our lattice approach. However, in reality the
particles in MSEs are organized in ”wave-like” irregular chains (see Figure 3.23), as was
shown in the references [1, 63, 162]. The tensile deformation of a ”wave-like” structure
leads to effective shear deformation of the irregular chains, and the shear deformation as
we have shown in this study results in the increase of the elastic modulus. From findings
for the Young’s modulus from our theory (see Figure 3.9 and Figure 3.10) one can see,
that HCP lattice packing better corresponds to these irregularities of the particles. Thus,
irregularities in the chain-like distribution can possibly explain increase of the Young’s
modulus under application of the magnetic field.
Additionally, we can recall that the change of the sample form results in the elongation of
MSE, as predicted by the continuum-mechanics approach. The influence of the finity of
the sample and the effects of the change of the sample form will be discussed in the next
chapter.
It is worth to mention that predictions of the microscopic theory developed in these PhD
studies do not depend on the particle size directly. However, the size of the particles can
indirectly influence the predictions through the initial stiffness of the polymer network
and the magnetization of particles. The microscopic theory is based on the equation of
free energy of the composite, that consists of elastic free energy and magnetic free energy.
The elastic free energy is proportional to the initial Young’s modulus E0 of the polymer
network. As was shown for example on Figure 3.6 and 3.10, the lower value of E0 provides
the higher magnetostriction and MR effect. The magnetic free energy which is considered
as a dipole-dipole interaction is proportional to the square of volume fraction of particles
and square of their magnetization. The magnetic free energy increases with magnetization
until the latter approaches the saturation magnetization. The magnetization of particles
depend on a lot of factors and the particle size is one of them.
In refs. [50, 68] the magneto-rheological response was compared for MSE samples with mag-
netic nano-particles (MagSilica R©) and micro-sized carbonyl-iron particles. It was found
that in the absence of magnetic field the nano-particles exhibit a higher reinforcement
effect compared to the micro-sized particles embedded into the same polymer network.
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Figure 3.23. Tensile deformation of an MSE with ”wave-like” irregular chains of magnetic par-
ticles along the external magnetic field H0. Adopted from [122].
However, the change of the modulus in the magnetic field for MSE sample filled with
nano-particles was very small. The amplitude dependence of the storage modulus almost
coincides for isotropic and anisotropic MSE samples with 20 vol.% of magnetic nano-
particles. Contrary, the micro-sized carbonyl-iron particles exhibit a higher sensitivity
in a magnetic field [50, 68]. It can be explained by the fact that the magnetization of
nano-particles is smaller than the magnetization of micro-sized particles either due to the
difference of used materials or due to the different domain structure. This leads to smaller
change of the modulus according to Equation (3.31). Therefore, the use of the micro-sized
particles in comparison to the particles of smaller size, for instance nano-sized particles,
is governed by a lower reinforcement effect caused by micro-sized particles in the absence
of magnetic field and their higher response to the magnetic field. As a result one can get
the higher magneto-induced deformation of MSE and higher MR effect.
3.5 Summary
In this chapter we have studied the mechanical properties of magneto-sensitive elastomers
with isotropic and anisotropic distribution of the magnetic particles in an external mag-
netic field. We have used lattice models in which magnetic particles were located at the
sites of infinite regular lattices. Different types of the lattices have been considered: simple
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cubic (SC), body-centered cubic (BCC) and hexagonal close-packed (HCP) lattices. Such
lattice distributions of particles can be prepared in experiment as was shown in [87]. The
mechanical properties of infinitely large MSEs have been considered neglecting the effects
of the change of the sample form under magnetic field.
In Section 3.2 we have shown that magneto-induced deformation εeq and the Young’s
modulus E of the MSE depend strongly on the spatial distribution of magnetic particles.
The SC lattice model predicts contraction of the MSE with isotropic distribution of the
magnetic particles along the direction of an external uniform magnetic field. It predicts
that the Young’s modulus decreases with the increase of the magnetic field; the same result
is obtained for the BCC model. However, in contrast to the SC lattice, the BCC lattice
model provides expansion of the MSE along the direction of magnetic field. The HCP
lattice model shows that the MSEs with the isotropic particle distribution contract along
the external magnetic field, while their Young’s modulus increases. These findings may
explain different signs of the magnetostriction observed in experiments with differently
prepared MSEs [161].
In Section 3.3 we have considered tetragonal lattice model which allowed us to describe
three main types of the space distributions of magnetic particles: isotropic (corresponds
to the SC lattice), chain-like and plane-like distributions. We have shown that interaction
between the magnetic particles results in the contraction of an elastomer in the direction of
the external uniform magnetic field (εeq < 0) for all structures considered. Similar to the
previous studies, [1, 26–28] we have shown that the shear modulus G increases for all types
of distribution of magnetic particles with increasing magnetic field. On the other side, we
have shown that in the frame of lattice approach the Young’s modulus E decreases for the
chain-like distribution and increases for the plane-like distribution of magnetic particles
with increasing magnetic field. This means that the condition E = 3G does not hold for
the MSEs under magnetic field. This result is in agreement with findings for anisotropic
materials of different structure, including liquid-crystalline networks [159].
In the next chapter, the finity of the size of an MSE will be taken into account. As well,
different strength of the couplings between positions of magnetic particles and sample
deformation will be considered. As we will show, both these effects influence strongly on
the sign and magnitude of both magneto-induced deformation and MR effect.
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4 Effects of finite size of MSEs on their
mechanical properties
In Chapter 3 we have considered the infinite lattice models for description of the mechanical
behaviour of MSEs in a homogeneous external magnetic field. However, it is known that
the finite shape of the sample strongly affects the mechanical properties under the magnetic
field [4, 112]. In this chapter we present a new theoretical formalism, developed for a
complex analysis of MSEs with different shapes and with different particle distributions.
It is shown that starting from a model based on an explicit discrete particle distribution one
can separate the magnetic field inside the MSE into two contributions: one which depends
on the shape of the sample with finite size and the other, which depends on the local
spatial particle distribution. The magneto-induced deformation and the change of elastic
modulus are found to be either positive or negative, their dependences on the magnetic field
being determined by a non-trivial interplay between these two contributions. Mechanical
properties are studied for two opposite types of coupling between the particle distribution
and the magneto-induced deformation: absence of elastic coupling and presence of strong
affine coupling. For simplicity, we consider a linear regime of magnetization of the magnetic
particles and linear elastic response of the polymer matrix. The predictions of the proposed
formalism will be used for the evaluation of experimental measurements in Chapter 5.
4.1 Magnetic field inside an MSE
4.1.1 Model and general equations
In this section we focus on calculation of the magnetic field inside an MSE. We introduce
a microscopic model of the MSE that allows to take explicitly into account both the shape
of a finite sample and the local spatial distribution of particles. In particular, we assume
that the MSE sample has the shape of ellipsoid of revolution (see Figure 4.1) with a pair
of equal semi-axes (B = C) and a distinct third semi-axis (A) along an axis of symmetry.
The sample aspect ratio Γ = A/B will be used in the next sections to characterize the
initial shape of the sample as well as the sample deformation. In the present section we
use Γ as a parameter, which defines the shape of a sample: if Γ = 1 then the sample is a
sphere, if Γ > 1 then the sample is a prolate ellipsoid and if Γ < 1 then the sample is an
oblate ellipsoid.
Application of a homogeneous magnetic field H0 to the MSE causes magnetization of
embedded particles. We consider such a configuration where the external magnetic field
H0 is directed along the axis of symmetry (x-axis in Figure 4.1). For further calculations
we use the result of the continuum-mechanics theory [108], that the homogeneous exter-
nal magnetic field induces a constant magnetization, which is independent of the position
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Figure 4.1. Schematic drawing of the microscopic model of MSE under a uniform external
magnetic field H0. Adopted from [164].
inside the ellipsoidal sample. In accordance with this result, we assume that all parti-
cles have the same dipole moment m, which is directed along the x-axis: m = {m, 0, 0}.
The last assumption implies the homogeneity of a particle distribution, i.e. the absence
of dense clusters of particles separated by particle-poor regions, as well as a statistically
relevant number of particles in a macroscopic sample. The latter condition puts an ad-
ditional restriction on the volume fraction of particles φ, that will be discussed later in
Section 4.2.
The first step is to calculate the induced magnetic field Hd, which is produced by all
surrounding magnetic particles in the point rj , where the j-th particle is situated. The
value of Hd produced by dipoles m is given by:
Hd(rj) =
1
4πm
∑
i 6=j
3(rji)2x − r2ji
|rji|5
, (4.1)
where rji is the radius-vector which connects the j-th and i-th particles. The sum in the
right-hand side of Equation (4.1) is performed over all particles excluding j-th particle
i 6= j. One can see from Equation (4.1) that the field Hd is determined by the distribution
of particles inside the MSE. It is convenient to rewrite Equation (4.1) in the following
form:
Hd(rj) = mcf({rji}), (4.2)
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where c is the number of particles in the unit volume and dimensionless function f is
determined only by the spatial distribution of particles {rij}:
f({rji}) =
1
4πc
∑
i 6=j
3(rji)2x − r2ji
|rji|5
. (4.3)
It is worth to mention that the calculation of Hd in Equation (4.1) represents a very
complicated problem which includes a numerical summation over huge number of particles
in a macroscopic sample.
Now we will introduce a theoretical formalism which allows to simplify the numerical
calculation of the factor f . For that we split the volume of the sample into two parts: the
microsphere of radius r0 with a center on the j-th particle (red point in Figure 4.1) and
the rest part of the macroscopic sample. The value r0 is chosen to be much larger than an
average distance between neighbouring particles R0: r0  R0 ' c−1/3. Thus, the factor f
can be splitted into two parts:
f = fmicro + fmacro, (4.4)
where fmicro is a sum over particles inside the microsphere:
fmicro =
1
4πc
∑
|rji|≤r0
3(rji)2x − r2ji
|rji|5
(4.5)
and fmacro is a sum inside the rest part of the sample. For r0  R0 ' c−1/3 the sum
fmacro is well approximated by an integral:
fmacro =
1
4π
∫
∆V
3r2x − r2
|r|5 d
3r, (4.6)
where ∆V is the volume between the microsphere of radius r0 and the boundary of the
ellipsoid. It can be shown that location of the microsphere does not affect the value of
fmacro. Performing transformation of the cartesian coordinates {x, y, z} to the spherical
coordinates {r, θ, φ}:
x = r cos θ,
y = r sin θ cosφ, (4.7)
z = r sin θ sinφ,
one can calculate the integral in Equation (4.6) analytically. We rewrite it in the form:
fmacro =
1
4π
∫ 2π
0
dφ
∫ π
0
sin θdθ
∫ rθ
r0
r2dr
3 cos2 θ − 1
r3
, (4.8)
where rθ defines the boundary of the ellipsoid:
rθ =
(
cos2 θ
A2
+ sin
2 θ
B2
)−1/2
. (4.9)
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After integration over φ and r one gets:
fmacro =
1
2
∫ π
0
sin θ(3 cos2 θ − 1) (ln rθ − ln r0) dθ. (4.10)
The integration of the term, which contains ln r0, results in zero, since∫ π
0 sin θ(3 cos2 θ − 1)dθ = 0. Thus, the factor fmacro is independent of the microsphere
radius r0 and can be rewritten in the form:
fmacro = −
1
2
∫ 1
0
(3ξ2 − 1) ln[ξ2 + Γ2(1− ξ2)]dξ, (4.11)
where the substitution ξ = cos θ was used. We recall that Γ = A/B is the sample aspect
ratio. The integration results in the following analytical equations:
fmacro =
1
3 −N(Γ), (4.12)
where N(Γ) is exactly the demagnetizing factor N given by Equation (2.24), which appears
in the continuum-mechanics theory [108]. One can see that fmacro = 0 for Γ = 1.
Hence, the induced magnetic field Hd is determined as a contribution of two factors fmicro
and fmacro. The factor fmacro is defined by the demagnetizing factor N(Γ), which depends
on the shape of the sample but is independent of the particle distribution. The factor fmicro
is determined by the particle distribution but is independent of the shape of sample, since
the sum in Equation (4.5) is performed over particles inside a fixed sphere. The sum in
Equation (4.5) converges at r0  R0 ' c−1/3, since any additional sum from the sphere of
radius r0 till a larger sphere with the radius r̃ can be approximated by an integral of the
form similar to Equation (4.10). This integral is equal to zero for rθ = r̃ = const, since∫ π
0 sin θ(3 cos2 θ − 1)dθ = 0. We have found that the sum in Equation (4.5) converges at
r0 ≥ 10R0.
Thus, the formalism developed above allows us to combine the continuum-mechanics and
the microscopic approaches. It takes explicitly into account the effect of the sample shape
and the discrete particle distribution. Below, we demonstrate that this formalism provides
exact solutions for Hd using different lattice models.
4.1.2 Isotropic particle distribution
As in Chapter 3, we use three different lattice models to mimic the isotropic distribution of
magnetic particles: simple cubic, body-centered cubic and hexagonal close-packed lattices
(see Figure 3.2).
Due to the axial symmetry it is sufficient to consider the distribution of the magnetic field
on the xy-plane at z = 0. Figure 4.2 shows the normalized dipole magnetic field Hd/(mc)
as a function of dimensionless x/xmax coordinate for different values of y at z = 0. Here
x ∈ [−xmax, xmax], where xmax = A
√
1− y2/B2. To get good statistics we choose the size
of the sample such that AB2 = (40b)3 for all three lattices, where b is the edge of the
lattice, see Figure 3.2. Thus, the ellipsoid contains approximately 2.6× 105, 5.2× 105 and
3.7× 105 particles for SC, BCC and HCP lattices, respectively.
78
Figure 4.2. The normalized induced magnetic field Hd/(mc) as a function of coordinates x and
y, xmax = A
√
1− y2/B2. Results are presented for five different values of the aspect ratio Γ.
Adopted from [164].
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Figure 4.3. The normalized dipole magnetic field 〈Hd〉/(mc), averaged over all particles as a
function of Γ, calculated for the SC, BCC and HCP lattice particle distributions using the exact
summation (points) and the theoretical formalism (line). To avoid the crowding of points on
the graph, we calculated 〈Hd〉/(mc) for different lattice models at slightly different values of Γ.
Adopted from [164].
The points in Figure 4.2 show the exact values of the induced magnetic field as a func-
tion of coordinates rj , calculated using explicit summation over all particles according to
Equation (4.2) and Equation (4.3). The sum in Equation (4.3) was performed over sites
of the regular lattices. The solid lines in Figure 4.2 show the values of Hd/(mc) averaged
over all points rj . One can see that the induced magnetic field Hd is constant and does
not depend on the spatial position inside the sample, except some points in the vicinity of
the surface. The field on the surface is known to change step-wise [108, 154]. Thus, our
calculations confirm the result of the continuum-mechanics approach, that the magnetic
field inside an ellipsoid is constant and has a step-wise peculiarity on the surface [108, 154].
The field inside the sample increases with the increase of the sample aspect ratio Γ.
Figure 4.3 shows the value of 〈Hd〉/(mc) averaged over all particles as a function of Γ using
three introduced lattice models for the isotropic particle distribution. The points illustrate
the result of exact summation (Equation (4.2) and Equation (4.3)) over all particles inside
the ellipsoid. The line shows the value 〈Hd〉, which is provided by the theoretical formalism
given by Equations (4.2), (4.4), (4.5) and (4.12).
One can see a good agreement between the values f obtained by using explicit summa-
tion (points) and using the theoretical formalism (lines). All points in Figure 4.3, which
illustrate results for three lattice models, lie on the same line that is described by factor
f = fmacro(Γ), since fmicro({rij}) = 0 for all lattice models due to symmetrical distribu-
tions of particles inside the microsphere.
Thus, starting from a model with the discrete particle distribution, we show that the
internal magnetic field does not depend on the particle positions for the isotropic particle
distribution. The averaged magnetic field is shown to be well described by the theoretical
formalism developed in Section 4.1.1.
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4.1.3 Anisotropic particle distribution
Now we consider the anisotropic particle distribution inside the MSEs with different aspect
ratio Γ. To consider anisotropic particle distributions (chain-like and plane-like distribu-
tions) we use the tetragonal lattice model, described in Section 3.3.
Figure 4.4 shows the normalized dipole magnetic field Hd/(mc) as a function of dimen-
sionless x/xmax coordinate inside the prolate MSE sample with Γ = 2.0.
Figure 4.4. The normalized induced dipole magnetic field Hd/(mc) as a function of dimensionless
x/xmax coordinate in the case of tetragonal lattice distribution of magnetic particles inside the
prolate MSE sample with Γ = 2.0. Results are presented for five different values of the lattice
anisotropy α. Adopted from [164].
The values of Hd/(mc) were calculated at z = 0 and at different x, y-coordinates for the
tetragonal lattices with varying values of the anisotropy parameter α. One can see that at
each value of α the magnetic field is independent of the spatial position, except the points
in the vicinity of the surface where the field changes step-wise.
In Figure 4.5 the averaged values of 〈Hd〉/(mc) as the functions of aspect ratio Γ, cal-
culated for the particle distribution on the tetragonal lattice with different values of the
anisotropy parameter α, are presented. The symbols mark the values of 〈Hd〉/(mc)
averaged explicitly over all particles in the ellipsoid, calculated using Equation (4.2) and
Equation (4.3). The solid lines mark results of the theoretical formalism given by Equa-
tions (4.2), (4.4), (4.5) and (4.12). It includes the sum fmicro over particles in the micro-
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Figure 4.5. The normalized dipole magnetic field 〈Hd〉/(mc), averaged over all particles as a
function of Γ, calculated for the tetragonal lattice particle distribution using the exact summation
(points) and the theoretical formalism (lines). Results are presented for five different values of the
lattice anisotropy α. Adopted from [164].
sphere of radius r0  R0 and the analytical integral fmacro. For an anisotropic particle
distribution fmicro 6= 0 if α 6= 1, fmicro being a function of α. Thus, in contrast to the
isotropic particle distribution, the magnetic field in a sample with the anisotropic particle
distribution depends on the degree of anisotropy of particle distribution. One can see
from Figure 4.5 a good agreement between the exact summation over all particles and the
theoretical formalism. Thus, the formalism developed in Section 4.1.1 allows to describe in
a simple way the magnetic field inside an MSE at variable shape factor Γ and for different
particle distributions inside the MSE, the particle distribution being varied in a whole
sample.
4.2 Magnetization of MSE
Bulk magnetization of MSEs is one of the characteristic quantities, that is usually mea-
sured in experiment. In the previous section we assumed that each magnetic particle has
the same magnetic moment m inside an ellipsoidal MSE under a homogeneous external
magnetic field H0. One can see now that this assumption is a very good approximation
for the magnetic moment distribution inside the MSE. Indeed, each magnetic moment mj
is determined only by the total magnetic field, H, which is induced in the vicinity of a
j-th magnetic particle by all external sources: mj = mj(H). Since the total magnetic
field, H = H0 + Hd, is constant inside a sample, the magnetic moments should be also
constant: mj = m. This consistency fails only in a thin layer close to the surface of the
macroscopic sample, where Hd is not constant.
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We estimated the thickness of this layer to be ∼ 10R0, where R0 is the average distance
between neighbouring particles. Therefore, one can neglect the contribution from this
layer to the total magnetization and the magnetic energy, if the characteristic size of a
sample A is much higher than 10R0: A  10R0. The last condition puts a restriction
on the volume fraction of particles φ as follows: φ ∼ (R/R0)3  (10R/A)3. If we take
a typical size of particles R ∼ 1µm as well as A ∼ 1 cm then φ  10−9, this condition
is always fulfilled. Thus, in a very good approximation the magnetic moments and the
magnetic field are supposed to be constant inside an MSE.
It is known from classical studies, that the magnetic dipolem of a spherical particle, placed
into the external magnetic field H, can be calculated for linear magnetics as [108, 154]:
m = υ0
3χ
3 + χH, (4.13)
where υ0 is the volume of the particle. As we mentioned above, H consists of two contri-
butions:
H = H0 + Hd, (4.14)
where the value Hd is also a function of m according to Equation (4.2). In other words,
Equations (4.2), (4.13) and (4.14) represent the condition of self-consistency for the mag-
netic moment m. Thus, the value m is to be found from the following equation:
m = υ0
3χ
(3 + χ) (H0 + mcf) . (4.15)
From the last equation we obtain an expression for the magnetic dipole as:
m = υ0H0
χ−1 + 13 − φf
, (4.16)
where φ = υ0c is the volume fraction of the magnetic particles. Now, the bulk magnetiza-
tion MV reads:
MV = cm (4.17)
that finally gives:
MV =
φH0
χ−1 + 13 − φf
. (4.18)
Here we note that the last equation follows from Equation (4.13) which is valid only
for linear magnetics. For nonlinear magnetics the relation between MV and φ can be
more complicated as compared with Equation (4.18). Moreover, for high values of φ the
approximation of point-like dipoles fails and, thus, the finite size of magnetic particles
can play a significant role [156]. However, one can expect that the approach presented
above provides a good approximation in the region φ ≤ 0.2, where the Lorentz-Lorenz
approach is valid [165], since it uses also the point-like approximation for dipole-dipole
interactions.
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From Equation (4.18) one can obtain a very important result that the magnetizationMV is
the monotonically increasing function of φ, Γ and χ at fixed particle distribution, since:
∂MV
∂φ
= H0
χ−1 + 13
(χ−1 + 13 − φf)2
> 0, (4.19)
∂MV
∂Γ = H0
φ2
(χ−1 + 13 − φf)2
∂fmacro
∂Γ > 0, (4.20)
and
∂MV
∂χ
= H0
φ
χ2(χ−1 + 13 − φf)2
> 0. (4.21)
Here we have used that ∂fmicro/∂Γ = 0. These tendencies are illustrated in Figure 4.6,
where the ratio MV /H0 is presented as a function of φ for different values of Γ (Fig-
ure 4.6 (a)) and for different values of α (Figure 4.6 (b)).
Figure 4.6. The ratio MV /H0 as a function of the volume fraction of particles φ at the varied
values of aspect ration Γ (a) and at the varied values of anisotropy parameter α (b). Adopted from
[164].
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Thus, starting from a general model with the discrete particle distribution we obtained
general results for the dependence MV on the parameters φ, χ, Γ and α.
In previous sections the parameters Γ and α were varied independently. Certainly, there
should exist some coupling between these parameters. In the next section we introduce
different approaches for this coupling and analyse the free energy in order to study the
mechanical response of the MSEs under external magnetic field.
4.3 Free energy and elastic response
4.3.1 General equations
Interaction between the induced magnetic moments leads to pair-wise attraction and re-
pulsion of the magnetic particles depending on their mutual positions. This behaviour of
the particles leads to elastic response of the sample. Thus, an ellipsoidal sample can change
its shape under magnetic field. Let the semi-axes of an ellipsoidal sample be changed from
the initial values A0, B0 = C0 to the new values A, B = C. The initial aspect ratio
Γ0 = A0/B0 is considered as a parameter, which characterizes the initial shape of the
sample. The incompressibility of the sample provides the expressions for the semi-axes of
ellipsoid:
A = A0(1 + ε), B = C =
B0√
1 + ε
, (4.22)
where ε is the relative elongation (strain) of the sample. Then, parameters Γ, Γ0 and ε
are related via the expression:
Γ = Γ0(1 + ε)3/2. (4.23)
In the absence of other mechanical loading on the MSE, the sample tends to achieve the
equilibrium state, which is characterized by the equilibrium elongation εeq. The equilib-
rium elongation εeq of the sample is determined from the minima of the free energy, see
Equation (3.28). Elastic modulus E is determined by the second derivative of the free en-
ergy with respect to the variable ε, see Equation (3.30). Here we consider such a geometry
of tensile deformation, when the mechanical force is applied along the external magnetic
field H0, i.e. along the x-axis (see Figure 4.1).
The free energy includes two contributions Felast and Fmagn that are elastic energy due
to entropic elasticity of polymer chains and potential energy of magnetic particles placed
in an external magnetic field, respectively. Since we consider small linear deformation
of an incompressible MSE, the elastic energy Felast can be expressed through the Hooke
law, given by Equation (3.5). To describe the contribution Fmagn, we assume that our
ellipsoidal MSE sample is a linear magnetic with homogeneous internal magnetization. As
before, the magnetic free energy Fmagn is given by Equation (3.6): Fmagn = −µ0MVH0/2.
Using the last equation and Equation (4.18), the magnetic free energy takes the following
form:
Fmagn = −
1
2µ0
φH20
χ−1 + 13 − φf
. (4.24)
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It is worth to mention that f = fmicro({rij}) + fmacro(Γ). Thus, the mechanical properties
of MSE are determined by the particle distribution {rij} as well as by the initial shape of
the sample Γ0.
Using Equations (2.22), (3.5), (3.28) and (4.24), one can obtain the equilibrium elongation
εeq. Expanding into the Taylor series and keeping the main term with respect to H0 we
get εeq for the linear-response regime in the following form:
εeq = Kε
µ0H
2
0
2E0
, (4.25)
where the numerical coefficient Kε is given by:
Kε =
φ2 ∂f∂ε
(χ−1 + 13 − φf)2
∣∣∣∣∣
ε=0
. (4.26)
One can see from Equation (4.25) that the equilibrium elongation εeq is a quadratic func-
tion of the external magnetic field H0 in the linear-response regime. The sign (contraction
or expansion) and magnitude of εeq are determined by the sign and magnitude of the
parameter Kε.
Using Equations (2.22), (3.5), (3.30) and (4.24), one can calculate the change of the elastic
modulus ∆E for the linear-response regime in the following form:
∆E = KE
µ0
2 H
2
0 . (4.27)
The coefficient KE is determined by the first non-zero term in the Taylor expansion and
is given by:
KE =
φ2
(χ−1 + 13 − φf)2
−∂2f
∂ε2
−
2φ
(
∂f
∂ε
)2
χ−1 + 13 − φf

∣∣∣∣∣∣∣
ε=0
. (4.28)
It is worth pointing out that both coefficients Kε and KE depend not only on the initial
shape of the MSE sample Γ0, volume fraction φ and initial particle distribution {rij} but
also on the coupling between the particle distribution {rij} and elongation ε due to the
term ∂f∂ε . In the next sections we consider two different approximations for the coupling
between {rij} and ε.
4.3.2 Absence of elastic coupling between sample elongation and position of
particles
In this section we consider the mechanical response of the MSEs in the absence of elastic
coupling between the particle distribution {rij} and the elongation ratio ε: ∂{rij}∂ε = 0.
This situation corresponds to slightly cross-linked MSEs, in which the particles can freely
move inside the polymer matrix, keeping an initial spatial distribution at the variation
of ε. Such behaviour is incorporated in ferrofluid and ferrogel, diluted by ferrofluid, for
instance, where magnetic particles are densely packed. In this case the values of Kε
and KE are determined by the shape-factor fmacro and its derivatives as well as by the
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initial local particle distribution through the factor fmicro, but not by its derivatives, since
∂fmicro
∂ε = 0 and
∂2fmicro
∂ε2 = 0. The initial particle distribution can be either isotropic or
anisotropic (see Section 4.1) that corresponds to fmicro({rij}) = 0 or fmicro({rij}) 6= 0,
respectively. Below, we consider these two cases in detail.
Isotropic particle distribution
In Figure 4.7 the coefficients Kε and KE are presented as a function of Γ0 for the isotropic
particle distribution on the SC lattice model (α = 1) for different values of φ.
Figure 4.7. The coefficients Kε (a) and KE (b) as a function of the initial shape Γ0, calculated
in the case of isotropic particle distribution for different values of φ and χ = 1000. Adopted from
[164].
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One can see, that the coefficient Kε is always positive and thus εeq > 0 as predicted by the
continuum-mechanics approach. This result is in agreement with experiments for ferrogels
[25, 42, 43].
The coefficient KE varies the sign with increasing Γ0. It is negative for strongly oblate
ellipsoids. As one can see from Figure 4.7, the coefficient Kε has a maximum in the
vicinity Γ0 = 1, whereas the coefficient KE has a maximum which shifts with the increase
of φ from Γ0 ≈ 1 to Γ0 ≈ 3. Both coefficients Kε and KE increase with increasing φ
at fixed value of Γ0, showing that the magnetostriction and the MR effect increase with
increase of volume fraction of magnetic particles.
Anisotropic particle distribution
In Figure 4.8 the coefficients Kε and KE are presented as a function of Γ0 for the chain-like
(α = 0.8), isotropic (α = 1.0) and plane-like (α = 1.2) structures on the tetragonal lattice
at φ = 0.3 and χ 1.
One can see that the coefficient Kε is positive for all values of α and, thus, εeq > 0. Kε
has a maximum in the vicinity of Γ0 = 1, but for the chain-like structure this maximum
is shifted to larger Γ0.
The coefficientKE varies the sign with increasing Γ0 similar to the case of isotropic particle
distribution. It is negative for strongly oblate ellipsoids and has a maximum at Γ0 ≈ 2.5.
The main result is that the anisotropy of the particle distribution strongly affects the
MR effect ∆E: it is much more pronounced for the chain-like structure with α = 0.8 in
comparison with the isotropic (α = 1.0) and plane-like (α = 1.2) structures.
We note, that similar qualitative behaviour of the equilibrium elongation εeq and MR
effect ∆E takes place for other lattice models (BCC and HCP lattices) that can be used
for describing the initial particle distribution within an MSE sample. Since the sign of
Kε and KE is determined only by the derivatives ∂fmacro∂ε (as
∂fmicro
∂ε = 0), the use of
another lattice models does not change the signs of εeq and ∆E but provides only small
quantitative changes in these quantities.
Importantly, our general results presented above can reproduce the findings of the
continuum-mechanics approach for a spherical sample (Γ0 = 1) with the isotropic particle
distribution (α = 1) [4]. Calculation of Kε(Γ0) at Γ0 = 1 gives 2/5. Thus, for spher-
ical samples we get a result that coincides with prediction of the continuum-mechanics
approach [4], c.f. with Equation (2.32):
εeq =
µ0M
2
V
5E0
. (4.29)
We see that εeq in Equation (4.29) is always positive, being an even function of magneti-
zation MV . It increases at increasing magnetization (i.e. at increasing magnitude of the
internal magnetic field H0) for the uniformly magnetized elastic sphere. Calculation of
KE at Γ0 = 1 gives 4/7, that provides the following result:
∆E = 27µ0M
2
V . (4.30)
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Figure 4.8. The coefficients Kε (a) and KE (b) as a function of the initial shape Γ0, calculated for
the chain-like (α = 0.8), isotropic (α = 1.0) and plane-like (α = 1.2) structures on the tetragonal
lattice at φ = 0.3 and χ = 1000. Adopted from [164].
To our knowledge, the value ∆E was not yet calculated in the framework of the continuum-
mechanics approach. Thus, this result is obtained for the first time in the present study.
To summarize, the initial shape of the MSE sample Γ0, volume fraction φ and an initial
particle distribution {rij} strongly affect the equilibrium elongation εeq and the MR effect
∆E even in the absence of elastic coupling between {rij} and ε.
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4.3.3 Strong affine coupling between sample elongation and position of
particles
Now we will consider the mechanical response of MSEs in the presence of strong elastic
coupling between the particle distribution {rij} and the elongation ratio ε. This means
that ∂fmicro∂ε 6= 0 and
∂2fmicro
∂ε2 6= 0. This situation corresponds to highly cross-linked MSEs,
in which the particles cannot freely move inside the polymer matrix but rather move
afinelly with it. In this case the values of Kε and KE are determined both by the shape-
factor fmacro and by the factor fmicro which depends on the local rearrangement of particle
distribution {rij} inside the microsphere, given by Equations (3.15)-(3.17).
After application of the external magnetic field and deformation of the MSE, the function
fmicro and its derivatives should be calculated in the microsphere with a constant radius
r0. We calculate the values of Kε and KE using Equation (4.26) and Equation (4.28). In
contrast to the Section 4.3.2, here we take into account that the factor fmicro is a function
of ε according to Equation (4.5) and Equations (3.15)-(3.17).
Isotropic particle distribution
In Figure 4.9 the coefficient Kε is presented as a function of Γ0 for the isotropic particle
distribution on three different lattices at different φ and at χ 1.
One can see, that the behaviour of the coefficient Kε shows a strong dependence on the
initial particle distribution due to the elastic coupling between particle distribution {rij}
and elongation ratio ε in the microsphere. The SC and HCP lattice models provide the
negative coefficientKε, whereas the BCC lattice model gives the positive value ofKε. From
Equation (4.26) it can be seen that the sign of Kε is determined from the competition
between ∂fmicro∂ε and
∂fmacro
∂ε . As we have shown in Section 4.3.2, the contribution to Kε
from ∂fmacro∂ε is always positive. At the same time, the contribution from
∂fmicro
∂ε is strongly
dependent of the particle distribution as we have shown in Section 3.2.4 (see Figure 3.5).
We can conclude that the sign of deformation is determined mainly by fmicro and coinsides
with the sign in Figure 3.5. In the SC lattice model the contribution from ∂fmicro∂ε is found to
be negative and exceeding a contribution from the shape factor. In the HCP lattice model
we see that both contributions have the opposite sign, but the contribution from ∂fmicro∂ε
exceeds the contribution from ∂fmacro∂ε . In the BCC lattice model both contributions have
the same sign and provide a positive value of Kε. In all three lattice models the increase
of the volume fraction of particles φ provides the increase of Kε magnitude.
It is interesting to compare the results given in Figure 4.9 for different lattices with the
magneto-induced deformation εeq of MSEs with random (gas-like) distribution of particles
[105, 166]. The works [105, 166] demonstrated that for random distribution of particles
the value of εeq can change its sign with increasing Γ0: it is negative at Γ0  1 or Γ0  1
and it is positive at intermediate values of Γ0. One can see from Figure 4.9 that for the
BCC lattice εeq is positive and has a maximum, whereas it is negative for the SC and
HCP lattices. Thus, for a random distribution (after averaging ”over all lattices”) one
can expect qualitatively a non-monotonic dependence of magneto-induced deformation on
the parameter Γ0 similar to that given in refs. [105, 166]. Application of the random
distribution to our formalism is a special task which can be solved in the future.
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Figure 4.9. The coefficient Kε as a function of the initial shape Γ0, calculated in the case of
isotropic particle distribution on the three lattices at different values of φ and at χ = 1000. Adopted
from [164].
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Figure 4.10. The coefficient KE as a function of the initial shape Γ0, calculated in the case of
isotropic particle distribution at different values of φ and at χ = 1000. Adopted from [164].
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In Figure 4.10 the coefficient KE is presented as a function of Γ0 in the case of isotropic
particle distribution using three different lattices for different volume fraction of particles
φ and at the value of magnetic susceptibility χ = 1000. From Figure 4.10 can see strong
dependence of the coefficient KE on the initial particle distribution.
The behaviour of KE presented in Figure 4.10 is similar to the behaviour of ratio E/E0,
presented in Figure 3.9: only the HCP lattice model predicts the positive values of KE ,
while both the SC and BCC lattice models provide the negative MR effect. As for εeq, in
the case of the strong elastic coupling between particle distribution {rij} and elongation
ratio ε the sign of ∆E is determined by factor fmicro. At the same time, the contribution
from factor fmacro changes slightly the magnitude of εeq and ∆E.
Besides, from Figure 4.10 one can see, that in all three lattice models the increase of the
volume fraction of particles φ provides the increase of the magnitude of KE .
Anisotropic particle distribution
Figure 4.11 and Figure 4.12 present the coefficients Kε and KE as functions of Γ0 for the
chain-like (α = 0.8), isotropic (α = 1.0) and plane-like (α = 1.2) structures at volume
fraction φ = 0.3 and at magnetic susceptibility χ  1, calculated for three different
lattices: (a) SC lattice, (b) BCC lattice and (c) HCP lattice.
One can see, that the values of Kε and KE that determine εeq and ∆E, respectively, are
negative in the case of SC lattice model for chain-like, isotropic and plane-like structures.
Thus, it shows the negative sign of equilibrium elongation εeq and MR effect ∆E. The
same sing of εeq and E/E0 we obtained in Section 3.3.3 and in Section 3.3.4 for the case
of affine deformation of infinite tetragonal lattice, see Figure 3.15 and Figure 3.17. Thus,
one can see that the main contributions to Kε and KE are from the factors ∂fmicro∂ε and
∂2fmicro
∂ε2 , that exceed the contribution from the factors
∂fmacro
∂ε and
∂2fmacro
∂ε2 .
In the case of BCC lattice model, the values of Kε and KE vary the signs: for the chain-
like structures both coefficients are negative, that is similar to the case of SC lattice
model. For the isotropic distribution Kε is positive, while KE is slightly negative. For the
plane-like structures both Kε and KE are positive. It reflects a non-trivial competition
between contributions of the factors ∂fmicro∂ε and
∂fmacro
∂ε as well as
∂2fmicro
∂ε2 and
∂2fmacro
∂ε2 in
Equation (4.28). In the HCP lattice model, Kε also changes the sign with α, whereas
KE is always positive. We can conclude, that the presence of affine coupling between the
particle distribution {rij} and elongation ratio ε strongly affects the mechanical behaviour
of the MSE under a homogeneous magnetic field.
4.4 Discussion of the results
To show the strength of a new theoretical formalism, we considered in this chapter two
limiting cases of the coupling between the particle distribution {rij} and the elongation
ratio ε: (i) no coupling (see Section 4.3.2), when the particles can freely move inside a
matrix keeping an initial spatial distribution at sample deformation and (ii) strong affine
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Figure 4.11. The coefficient Kε as a function of the initial shape Γ0, calculated for the chain-like
(α = 0.8), isotropic (α = 1.0) and plane-like (α = 1.2) structures at φ = 0.3 and χ = 1000 for
three different lattice models. Adopted from [164].
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Figure 4.12. The coefficient KE as a function of the initial shape Γ0, calculated for the chain-like
(α = 0.8), isotropic (α = 1.0) and plane-like (α = 1.2) structures at φ = 0.3 and χ = 1000 for
three different lattice models. Adopted from [164].
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coupling (see Section 4.3.3), when the particles are strictly fixed within the polymer matrix
and move affinely with it.
The presence of the strong affine coupling between {rij} and ε provides a much richer
behaviour for different lattice models that we used to mimic diverse particle distributions
inside the MSE. We found that εeq and ∆E can be both positive and negative, depending
on the initial particle distribution. Thus, assumption of the affine deformation strongly
affects the results for the sign of magnetostriction (contraction, expansion) and MR effect
(softening, stiffening). The presence of affine coupling predicts contraction of a sample for
MSEs with the chain-like particle distributions in agreement with experiments [26, 63, 101].
In all the cases considered we have neglected a possible rearrangement of particles under a
uniform magnetic field in the deforming sample. In particularly, we used the assumption of
affine deformation, the physical meaning of which is that the particles are rigidly attached
to a polymer matrix. The use of such an affine approach is valid for the case of small
deformations, i.e. at small external fields or highly cross-linked matrices. The assumption
is, however, not valid anymore for MSEs on the basis of soft polymer matrices, in which
the flexibility of polymer sub-chains between cross-links allows a considerable degree of
particle movement and even diffusion under strong magnetic fields. Indeed, a noticeable
rearrangement of particles into chain-like structures was observed recently in MSEs with
initially isotropically distributed magnetic particles under application of the magnetic field
[24, 93]. The authors have explained this effect by the use of a relatively soft polymer
matrix which does not restrict alignment of particles into the chains caused by the dipole-
dipole interactions between the particles. Also, recent constitutive modeling [144] as well
as the wavy particle-chain model [123] show an importance of consideration of the particle
alignment under the magnetic field for description of the mechanical behaviour of MSEs.
This means that elastic coupling in the samples with relatively soft polymer matrices is
far from affine.
It is worth to mention that such type of non-affine coupling can be taken into account in
the frame of our theoretical formalism if we assume that the structure parameter α is a
function of the magnetic field H0. The form of this function is presently unknown and
can be established by a careful comparison of theoretical predictions based on different
test functions with existing experimental data [24, 93] or from appropriate finite element
simulations of MSEs. Nevertheless, some predictions can already be made in the frame
of proposed formalism, since it allows to separate the macroscopic shape effects from the
local changes in a particle distribution. For example, we may utilize the results presented
in Section 4.3.2 for particle distributions with different anisotropy α. Especially, it is
clearly seen from Figure 4.8 that at the same volume fraction of the magnetic particles
both the magnetostriction and the MR effects become much more pronounced, when the
particle distribution changes from an isotropic one to the chain-like distribution. If we
assume that such rearrangement of particles is caused by the applied magnetic field, we
should expect a considerable increase of magneto-induced deformation and elastic moduli
which agrees well with experimental observations [24, 93].
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4.5 Summary
In this chapter we proposed a new theoretical formalism for the description of the me-
chanical properties of MSEs which unifies two approaches: the macroscopic continuum-
mechanics and microscopic approaches. We have shown that starting from a model with
explicit discrete particle distribution one can separate the magnetic field inside the MSE
into two contributions: one which depends on the shape of the sample and the other, which
depends on the local particle distribution. The behaviour of magneto-induced deformation
and elastic modulus as functions of the magnetic field is determined by a non-trivial inter-
play between the macroscopic and microscopic contributions. Switching off one of these
contributions results in a pure microscopic approach or in a pure macroscopic approach
[4].
Proposed formalism allows us to perform separation into the macroscopic and microscopic
contributions both for the isotropic and for the anisotropic particle distributions. Thus,
it can be used to investigate the mechanical properties of MSEs for a wide variety of
particle distributions, as well as for a wide variety of sample shapes. The open question
at the moment is the strength of elastic coupling between particle displacements under
a uniform magnetic field and the sample deformation. In this study we considered two
limiting cases: absence of the coupling and affine coupling. We presume however that
the nature of coupling in real samples requires additional study. Despite we use special
approximations (lattice models, assumptions on the coupling), theory developed above
can describe qualitatively the experimental data. Moreover, below we will demonstrate
that the theoretical calculations can be quantitatively compared with experiments.
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5 Experimental verification of the
microscopic theory
In this chapter we compare predictions of the microscopic theory, developed in Chap-
ter 3 and Chapter 4, with experimental studies of the shear and Young’s moduli of
MSEs. The experimental tests were performed recently at the chair Magnetofluiddynamik
(Prof. Stefan Odenbach, Institut für Strömungsmechanik, TU Dresden) and published in
refs. [67, 167]. These joint studies have been carried out in the frame of the cluster of
excellence of the Free State of Saxony ”ECEMP - European Center for Emerging Materials
and Processes Dresden” (Subproject B4) [168–171].
Two types of MSEs, composed basically of a low molecular vinyl-containing silicone rubber
and filled with different types of magnetic particles, were prepared for the shear and tensile
tests. For shear deformation test an isotropic MSE sample with magnetically hard fillers
has been synthesised, since the usage of magnetically hard particles also enables to adjust
and control the elasticity and the shape of MSEs. For the tensile test isotropic and
anisotropic MSE samples with different magnetically soft particles have been prepared.
In particular, magnetically hard FeNdB particles and magnetically soft carbonyl iron and
pure iron particles have been used.
Recently, magnetically hard particles have been used for the first time for the preparation
of MSEs with tunable elastic properties. A number of patents were devoted to MSEs
based on various magnetically hard particles such as AlNiCo, AlNiCoCu, CuNiCo, CoFe,
CoFeV, FeMo, FeMoCo, CuNiFe, CoPt, FePt, SmCo, CeCo, FeNdB and hard ferrites, in
particular, barium- and strontium ferrites [172]. For instance, MSEs filled with Sm2Co7
particles have been prepared and studied in [72]. Elastic and deformation properties of
MSEs with FeNdB particles have been investigated in [172, 173]. Actuation properties of
MSEs with embedded magnetically hard particles have been analysed in [174].
Magnetically hard particles have a high remanent magnetization compared to magnetically
soft particles. As a consequence, the MSE sample with magnetically hard particles being
once magnetized in the external field retains its magnetization after the field is switched
off, similar to the permanent magnet. The magnetically hard MSE samples show the
increase of the elastic moduli with increase of the applied magnetic field. However, they
demonstrate a lost of the reversibility of elasticity if the external magnetic field is turned
off. The elastic modulus does not return to the initial value. Nevertheless, it is interesting
to compare the experimental data for magnetically hard materials with our theory. We
assume that the behaviour of MSEs with residual magnetization is qualitatively equivalent
to the MSEs with magnetically soft filler in the constant magnetic field.
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5.1 Physical properties of MSE with magnetically hard fillers
In this section the experimental characterisation of the MSE with magnetically hard fillers
under shear oscillatory loading has been done in order to perform a quantitative test
of the proposed microscopic model. The sample of MSE has been synthesised using a
mixture of low-molecular vinyl-containing silicone rubber and a hydride-containing cross-
linking agent. The platinum was used as a catalyst of cross-linking reaction. For detailed
description of the used cross-linking procedure see refs. [24, 93].
The particles of FeNdB (Magnequench MQPr-S-11-9) with an average diameter of
∼ 35 µm and volume fraction of ∼ 30% were used as the fillers. They were initially
magnetically neutral, i.e. without remanent magnetization. The magnetic powder has
been mixed with polymer solution in a roller machine and poured out into a mold. The
polymerization of polymer network has been done at 150oC at the absence of external
magnetic field. The cylindrical sample with the size of 15 mm in diameter and 5 mm in
height was prepared.
To study the influence of remanent magnetization on the mechanical behaviour, the MSE
sample was magnetized in the magnetic fields with various flux densities. The magnetic
field was applied along the axis of cylindrical sample and kept for one hour. After that the
measurement of the storage modulus, G′, and the loss modulus, G′′, has been performed
for each value of remanent magnetization [167]. To obtain a higher value of the remanent
magnetization the sample with a lower value was again exposed to the magnetic field with
a higher strength, keeping the previous axis of magnetization.
The hysteresis loop of magnetization for the filler powder and the remanent magnetization
curve of the MSE sample as a function of applied magnetic field is discussed in Section
5.1.1. The measurements of the storage shear modulus of MSE sample in a quasi-static
mode in the absence of magnetic field is discussed in Section 5.1.2.
5.1.1 Magnetic properties
Magnetic properties of the magnetic fillers and MSE sample have been measured using
a vibration sample magnetometer VSM 7400 (Lake Shore, USA). As it can be seen from
the Figure 5.1, the form of the magnetization curve is typical for the magnetically hard
material.
Initially the particles are not magnetized and the initial magnetization curve (1) is ob-
served. Increase of the magnetic field leads to the increase of magnetization M till the
saturation magnetization Ms as shown by curve (1). Decrease of the applied field, when
the saturation magnetization has been reached, leads to the appearance of the remanent
magnetization Mr, see curve (2) on Figure 5.1. Further, decrease of the field leads to the
appearance of the coercive field Hc1. After the saturation for the negative field direction
was reached, the back curve (3) is measured and the coercive field Hc2 is observed. The
interesting fact is that the shape of the back curve (3) and therefore a value of the Hc2
depends on the number of the magnetization cycles, but on the other side, it has no in-
fluence on the remanent magnetization. Thus, analogously to the magnetically hard bulk
materials, the virgin sample of the elastic composite can be magnetized in order to obtain
a certain value of the magnetization Mr of MSE.
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Figure 5.1. Hysteresis loop of the magnetization of the magnetically hard FeNdB particles.
Adopted from ref. [167].
Figure 5.2. Remanent magnetization of the MSE sample, synthesized from low molecular vinyl-
containing silicone rubber and magnetically hard FeNdB particles with an average diameter of
∼ 35 µm and volume fraction of ∼ 30%. Adopted from ref. [167].
The dependence of Mr as a function of the magnetic field, which has been applied to the
sample to magnetize it, is shown in Figure 5.2.
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Since the MSE sample is a composite consisting of non-magnetic polymer matrix and
magnetic fillers, the remanent magnetization of the sample can be estimated through the
remanent magnetization of magnetically hard particles Mrp and volume fraction of the
filler φ: Mr = φMrp.
5.1.2 Measurements of the storage shear modulus
Measurements of the storage shear modulus G′ have been performed at the chair Mag-
netofluiddynamik using the Anton Paar Physica MCR301 rheometer (the plate-plate ge-
ometry, diameter of the plates d=20 mm). The force normal to the shear direction has
been kept at the constant value of Fn=3 N in all experiments to avoid the influence of
the deviation in the sample’s compression ratio. All measurements were performed at the
temperature of 20o ± 1oC.
Figure 5.3. Storage modulus of the sample as a function of an oscillation frequency at different
remanent magnetizations (shear amplitude 1%). Adopted from ref. [167].
Dependences of the shear modulus of MSE on the frequency f and amplitude of the
oscillation for the sample magnetized in the magnetic fields with various flux densities are
shown in Figure 5.3 and Figure 5.4. Similar to the classical MSEs filled with magnetically
soft particles [116], the storage shear modulus of the MSE with magnetically hard filler
increases with the frequency (see Figure 5.3), at least in the considered range. The slope
in log-log plots of the observed curves is roughly the same, however the relative change of
the modulus strongly depends on the sample magnetization.
Otherwise, the increase of the shear amplitude results in the decrease of the sample shear
modulus and the relative change of the modulus depends on the magnetization of the
sample in the whole range of the shear amplitudes used, see Figure 5.4. This dependence
tends to the linear one for the small amplitudes. Qualitatively observed effects can be
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Figure 5.4. Storage modulus of the sample as a function of a deformation amplitude at different
remanent magnetizations (oscillation frequency 10 Hz). Adopted from ref. [167].
Table 5.1. Storage modulus G′ vs the sample magnetization Mr as measured at frequency
f = 10 Hz and two different amplitudes.
Mr, [kA/m] 0 49 69 82
G′, [kPa] at γ = 0.005% 37.5 290 550 769
G′, [kPa] at γ = 1% 19.3 57.5 92.4 129
explained by the interaction between the particles and structure’s formation induced by
the sample magnetization.
5.1.3 Fitting the storage shear modulus
Predictions for the static shear modulus G, obtained in the frame of the microscopic
theory presented in Chapter 3, will be compared with some of the experimental results
given above. To do this, we assume that the values of storage shear modulus G′ measured
at sufficiently low frequencies can be considered as a good approximation to the static
shear modulus G, which defines the plateau modulus in the limit f → 0: G = G′(f → 0).
Further, we use the experimental data for G′ measured at frequency f = 10 Hz and at
two different shear amplitudes γ = 0.005% and γ = 1% to study the influence of the shear
amplitude on the shear modulus. This is done to study a possible evolution of the particle
distribution inside the sample under shear deformation.
The data chosen for evaluation are presented in Table 5.1 and shown in Figure 5.5 by
symbols.
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To provide a good fit of the experimental data, let us look first at Equation (3.50) for the
shear modulus G, obtained for the tetragonal lattice model. One clearly sees that at small
values of Mr, G(Mr) can be approximately described by a parabolic function of Mr:
G ' G0 + CM2r , (5.1)
where the frequency-dependent coefficient C is determined by the structural parameters
of the model:
C = µ04πf3(α, εeq). (5.2)
Dimensionless function f3(α, εeq) depends on the anisotropy parameter α and equilibrium
elongation εeq:
f3(α, εeq) = 3α3(1 + εeq)
9
2 ×
∑
{ixiyiz}6=0
i2x
[
4α4i4x(1 + εeq)6 + 3α2i2x(i2y − 9i2z)(1 + εeq)3 − i4y + 3i2yi2z + 4i4z
]
[
α2i2x(1 + εeq)3 + i2y + i2z
] 9
2
. (5.3)
Knowing the value of C, we can calculate the structure parameter α at fixed values of εeq
from Equation (5.2) and Equation (5.3). It is worth to mention that εeq itself depends
on α and Mr. As we have shown in Figure 3.15 (b), the absolute values of equilibrium
elongation εeq, calculated by means of the tetragonal lattice model, do not exceed 6% at
α = 1 in all magnetization range (M/Ms < 1). However, we expect that magnetization of
FeNdB particles leads to the strong rearrangement of the particles into chains (α < 1). As
one can see from Figure 3.15 (a), the absolute values of equilibrium elongation εeq increase
when α becomes less than 1, however εeq stays smaller than 10%. Thus, if we fix the value
εeq = 0 it will only weakly affect the further calculations.
Parabolic fit of the experimental data for G′ by using Equation (5.1) (lines in Figure 5.5)
provides two values of C: C = (160± 5)× 10−7 N/A2 and C = (1082± 12)× 10−7 N/A2
for amplitudes γ = 0.005% and γ = 1%, respectively. During the fitting procedure the
parameter G0 was fixed and taken equal to the value of storage modulus at Mr = 0, see
Table 5.1.
The values of α obtained from parameter C at εeq = 0 are: α = 0.5± 0.1 for γ = 0.005%
and α = 0.6± 0.1 for γ = 1%, respectively and presented in Table 5.2:
Table 5.2. Structure parameter α, estimated for two values of amplitude.
γ C, ×10−7, N/A2 α
0.005% 160± 5 0.5± 0.1
1% 1082± 12 0.6± 0.1
One can see that the anisotropy parameter α increases with the increase of amplitude of the
oscillatory deformation. This can be explained by the well-known Payne effect [150]: an
increase of the deformation amplitude in a strain sweep experiment causes destruction of
the filler particle clusters in an elastomer matrix. Similar to the Payne effect, application
of higher strains presumably leads to a partial destruction of the chain-like structures
built by the magnetic particles, as a result, the particle distribution becomes closer to the
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Figure 5.5. Low-frequency storage shear modulus G′ vs the sample magnetization Mr, obtained
experimentally (symbols) and fitted (lines) by means of Equation (5.1). Adopted from ref. [167].
isotropic one with α = 1. Thus, the theory proposed in Chapter 2 provides acceptable
values of α and predicts reasonable tendency for α as a function of the amplitude γ.
5.2 Structure and physical properties of MSE with magnetically
soft particles
To investigate the influence of the elasticity of polymer matrices, the morphology of the
magnetic fillers and the anisotropy of spatial particle distribution on the final mechanical
properties of MSEs, quasi-static tensile tests were executed using a tabletop machine
(Dyna-Mess) equipped with an electromagnetic coil. A schematic representation of the
experiment is given in Figure 5.6. An external magnetic field was generated by a cylindrical
coil and applied in the direction of the deformation. The sample was placed on the central
axis of this coil, where the magnetic field is nearly homogeneous.
5.2.1 Measurements of the MR effect for elastic modulus
We have studied soft MSEs with initial elastic modulus E0 ∼ 50− 200 kPa and extra-soft
MSEs with initial elastic modulus E0 ∼ 10 − 30 kPa, synthesized from a low molecular
vinyl-containing silicone rubber and a hydride-containing cross-linking agent [67]. The
MSEs were filled with carbonyl iron powder containing nearly spherical particles as well
as with the iron powder having an irregular morphology. All characterized samples had
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Figure 5.6. Schematic representation of the experimental setup for tensile loading of the MSE.
Adopted from ref. [67].
almost the same concentration of the magnetic powder φp ∼ 80 wt.%. From this value we
can estimate the volume fraction of the filler, defined by formula:
φ = ρmφp
ρp(1− φp) + ρmφp
. (5.4)
Taking the density of iron particles ρp = 7.86 g/cm3 and the density of silicone rubber
ρm = 0.9 g/cm3, we obtain the volume fraction φ ∼ 30 %. The carbonyl iron powder
comprised spherical particles of a mean size about 5 µm and the iron powder with an
irregular morphology contained particles with a mean size of 35 µm. The studied MSE
samples were formed into cylinders with a height of 15 mm and diameter of 15 mm.
The initial elastic moduli E0 in the absence of external magnetic field for the sample with
different elastic matrices, particle shapes and spatial particle distributions are summarized
in Table 5.3.
Table 5.3. Elastic modulus of MSE samples in the absence of magnetic field.
Matrix Extra-soft matrix Soft matrix
Particle shape spherical irregular spherical irregular
Anisotropy isotropic isotropic anisotropic isotropic isotropic anisotropic
Elastic modu-
lus E0 [kPa] 15 20 20 57 111 195
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For the extra-soft matrix the differences between the elastic moduli obtained for the sam-
ples filled with the particles of different shapes and different spatial distributions are rela-
tively small compared to those based on the soft matrix. The samples filled with irregular
shaped iron particles show a slightly higher initial elastic modulus E0 than the samples
filled with the spherical particles. However, there is no difference between moduli for
the samples with isotropic and anisotropic particle distributions in the extra-soft matrix.
Contrary to that, the samples based on the soft matrix show significant differences be-
tween initial elastic moduli E0, when the particles have spherical and irregular shapes and
are isotropically distributed or build chain-like structures. So, the samples with isotropic
distribution of spherical particles exhibit the modulus E0 = 57 kPa, while those with
irregularly shaped particles nearly double their modulus up to E0 = 111 kPa. With an
anisotropic particle distribution these values increased again up to E0 = 195 kPa.
Figure 5.7. The relative MR effect ∆E/E0 as a function of the applied external magnetic field
B = µ0H0, obtained from the compression of the extra-soft MSE with isotropically distributed
spherical carbonyl iron particles and with initial elastic modulus E0 ∼ 15 kPa at a strain larger
than 0.05. Adopted from ref. [67].
To evaluate from the experimental data the elastic modulus E of MSE samples filled with
the particles of different shapes and different spatial distributions as a function of an
external magnetic field, the force-displacement curves have been measured. The values of
the magnetic field were varied between 0 and 240 mT. At fixed value of the magnetic field,
the elastic force F was measured as a function of strain ε. It was found that the force F is
a linear function at small ε. Thus, we can evaluate the elastic modulus E from the slope
of this linear dependency as E ' F/ε.
For comparison of the mechanical properties of MSEs based on the soft and extra-soft
polymer matrices we calculate absolute (∆E) and relative magnetorheological (∆E/E0)
effects, using Equation (2.7) and Equation (2.8), defined in Section 2.2.2. As an example,
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Figure 5.8. The absolute MR effect ∆E in kPa at 240 mT, calculated for MSE samples with
various morphologies using Equation (2.7): (a) MSE samples with the extra-soft polymer matrix
(initial elastic modulus E0 < 30 kPa); (b) MSE samples with the soft polymer matrix (initial elastic
modulus E0 ∼ 50− 200 kPa). Red and blue lines correspond to the values of ∆E: ∆E0 = 55 kPa
and ∆E = 106 kPa, respectively, estimated analytically in Section 5.2.2. See text for detail.
Adopted from ref. [67].
Figure 5.9. The relative MR effect ∆E/E0 at 240 mT, calculated for MSE samples with various
morphologies using Equation (2.8): (a) MSE samples with the extra-soft polymer matrix (initial
elastic modulus E0 < 30 kPa); (b) MSE samples with the soft polymer matrix (initial elastic
modulus E0 ∼ 50− 200 kPa). Adopted from ref. [67].
the relative MR effect ∆E/E0 as a function of the applied external magnetic field B =
µ0H0 is presented in Figure 5.7 for extra-soft MSE with isotropically distributed spherical
carbonyl iron particles and with initial elastic modulus E0 ∼ 15 kPa. It can be seen that
a significant relative MR effect up to 2000% is possible even at small external magnetic
field.
In Figure 5.8 and Figure 5.9 the absolute ∆E value and the relative changes ∆E/E0 of
the elastic modulus are displayed for the samples with the extra-soft matrix (a) and with
the soft matrix (b) filled with carbonyl iron particles and pure iron particles with irregular
morphology and different distributions. All measurements are done under application of
an external magnetic field of 240 mT to achieve the high MR effect.
For the samples with the extra-soft polymer matrix the absolute MR effect ∆E is the high-
est one when the sample is filled with spherical carbonyl iron particles (see Figure 5.8 (a)).
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For samples with irregularly shaped particles no significant differences were observed re-
garding the particle distribution, similarly to the behaviour of the initial modulus E0 in
the absence of the magnetic field (see Table 5.3). For samples with the soft matrix, the
differences in ∆E are of the same order as for the initial elastic modulus E0, measured in
the absence of the external magnetic field. The maximal absolute MR effect is observed
for the samples with irregularly shaped particles building chain-like structures.
The results for the relative MR effect ∆E/E0 for the samples with the extra-soft polymer
matrix are displayed in Figure 5.9 (a). The isotropic samples with spherical carbonyl
iron particles show the highest relative MR effect, while the samples filled with irregularly
shaped particles show the lower magnetic reinforcement irrespective of the anisotropy of
particle distribution. The relative MR effect for the samples with the soft polymer matrix
is insensitive to the particle morphology and spatial distributions (see Figure 5.9 (b)).
The reason is that magnetically induced increase in the stiffness is comparable to the
reinforcement effect caused by the particles without any magnetic field (see Table 5.3).
5.2.2 Modeling of the MR effect for elastic modulus
To describe the experimental data, obtained in the case of tensile deformation, we will use
the theory, developed in Chapter 4. In the experiment the cylindrical MSE sample with
initial aspect ratio Γ0 = h/d (see Figure 5.10 (left)) has been used. There exist an exact
solution for bulk magnetization only for an ellipsoidal sample, while there is no analytical
solution for cylindrical samples [4]. Therefore, we assume that the cylindrical sample can
be approximated by the ellipsoidal one with the aspect ratio close to this value for the
cylindrical samples Γ0 (see Figure 5.10 (right)).
Figure 5.10. Schematic drawing of the cylindrical MSE sample (left) and its description by the
prolate ellipsoid (right). Adopted from ref. [67].
In our case, the height of the considered cylinder is h = 15 mm and the diameter is d = 15
mm that corresponds to an initial aspect ratio of the sample Γ0 = 1. This is a particular
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case, when the ellipsoid is degenerated into a sphere with the higher degree of symmetry
(spherical symmetry).
After switching the external magnetic field H0 on, the ellipsoid elongates and the as-
pect ratio Γ0 changes to a new value Γ. Assuming incompressibility of the sample, the
relation between aspect ratio Γ, Γ0 and strain ε is established by Equation (4.23). To
calculate the absolute (∆E) and relative MR (∆E/E0) effects, we use Equation (2.7) and
Equation (2.8), defined in Section 2.2.2.
As we have shown, the sign and the magnitude of ∆E and ∆E/E0 are determined by
the coefficient KE , see Equation (4.27). It is worth to mention that ∆E/E0 is related
to E/E0 which we analysed in Chapter 3: ∆E/E0 = E/E0 − 1. To calculate precisely
values of ∆E and ∆E/E0, we use general expression for KE given by Equation (4.28).
In Equation (4.28), φ is the volume fraction, χ is the magnetic susceptibility of particles
and the factor f is a dimensionless function, determined by the local spatial distribution
of particles {rij}, see Equation (4.3). In Section 4.3 it was shown that the factor f can be
splitted into two terms: fmicro and fmacro. The particle distribution can be characterised
by the anisotropy parameter α. Such a parameter was introduced in the tetragonal lattice
model (see Section 3.3, Equation (3.32)).
Figure 5.11. Dependence of the factor KE on the degree of anisotropy α of particle distribution
inside the polymer matrix in the absence of elastic coupling between sample elongation and position
of particles.
The dependence KE(α) as a function of α is presented in Figure 5.11 and Figure 5.12.
We estimated the value of KE for the sphere (Γ0 = 1) at the magnetic susceptibility of
particles χ = 1000, volume fraction φ = 30% and two limiting cases: in the absence of
elastic coupling between sample elongation and position of particles and in the presence
of strong affine coupling between sample elongation and position of particles. For com-
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Figure 5.12. Dependence of the factor KE on the degree of anisotropy α of particle distribution
inside the polymer matrix in the presence of strong affine coupling between sample elongation and
position of particles.
parison, we calculated KE also for the prolate ellipsoid with aspect ratio Γ0 = 3 at the
same values of χ and φ as before.
Absence of elastic coupling between sample elongation and position of particles
From Figure 5.11 one can see that the factor KE only weakly depends on the anisotropy
parameter α, calculated for the SC, BCC and HCP lattice particle distributions, when
the cylindrical sample is approximated by the sphere (see Figure 5.11). At the same
time, the cylinder approximated by the prolate ellipsoid with Γ0 = 3 gives larger values
of KE(α) for the isotropic particle distribution for three lattices. Besides, the factor KE
noticeably increases, when α becomes smaller than 1 (chain-like structures become more
anisotropic) for the prolate ellipsoid with Γ0 = 3 for the SC lattice, while KE even starts
to decrease with the weak decrease of α below 0.8 for the spherical sample for the same
lattice. Moreover, Bustamante et al. have shown analytically that the internal magnetic
field is homogeneous only in the cylindrical sample with higher aspect ratio Γ0 > 4 [139].
To estimate quantitatively the absolute and relative MR effects in the case of soft and
extra-soft polymer matrices, we should mention that the proposed formalism considers
the initial elastic modulus E0 as a parameter. The initial stiffness of the polymer ma-
trix affects the ability of the particles to organize the chain-like structures with different
anisotropy parameters α in an external magnetic field. Additionally, the theoretical for-
malism considers only magnetic particles with a regular spherical shape. The irregular
shaped particles can provide an additional effect due to their rotation. Therefore, we
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Table 5.4. The values KE and corresponding values of ∆E, calculated at B = 240 mT, χ = 1000,
φ = 30% in the absence of elastic coupling between sample elongation and position of particles, SC
lattice model and for the strong affine coupling between sample elongation and position of particle,
HCP lattice model.
Γ0
no coupling, SC lattice affine coupling, HCP lattice
α = 1 α = 0.8 α = 1 α = 0.8
KE ∆E, [kPa] KE ∆E, [kPa] KE ∆E, [kPa] KE ∆E, [kPa]
1 0.23 5.3 0.27 6.2 2.40 55 2.84 65
3 0.50 12 0.88 20 3.29 75 4.62 106
compare the values of ∆E and ∆E/E0 estimated for the SC lattice only with experimen-
tal data obtained for spherical carbonyl iron particles, dispersed isotropically within the
matrix. The results of comparison are summarized in Table 5.4.
The estimation of the absolute MR effect in the case of soft and extra-soft polymer matrices
with isotropic particle distribution (α = 1) gives the following values of ∆E: 5.3 kPa for
the sphere and 12 kPa for the prolate ellipsoid with Γ0 = 3. Here we used the relation
between B and H0: H0 = B/µ0 and the value B = 240 mT. One can see that ∆E is of the
same order as the initial elastic modulus E0. These values show that the approximation of
the cylindrical sample with the prolate ellipsoid (Γ0 ≥ 1) provides a better description of
the observed MR effects than its approximation with the sphere in the absence of elastic
coupling between sample elongation and position of particles. However, predicted values
for ∆E are one order of magnitude less than those observed in the measurements (see
Figure 5.8).
If we assume that in an extra-soft polymer matrix the magnetic particles can easily move
inside the matrix and continue to build up the chains during the experiment, one can
compare the estimated value of ∆E in case of high anisotropic particle chains with exper-
imental data. We found that the prolate ellipsoid with Γ0 = 3 and at the high degree of
anisotropy of chain-like structure (α = 0.8) provides the value ∆E = 20 kPa, closer to the
experimental data, than the spherical sample (Γ0 = 1) or sample with isotropic particle
distribution.
Strong affine coupling between sample elongation and position of particles
The estimations above were made assuming the absence of elastic coupling between sample
elongation and position of particles in the sample. Now we consider strong affine coupling
between sample elongation and position of particles. This case is typical for highly cross-
linked matrix. From Figure 4.10, Figure 4.12 and Figure 5.12 one can see that only HCP
lattice model provides the positive sign of KE (positive MR effect) both for isotropic and
anisotropic particle distribution. The estimated values of KE and corresponding values of
∆E, calculated for B = 240 mT, are presented in Table 5.4.
The estimation of ∆E in the case of soft and extra-soft polymer matrices with isotropic
particle distribution (α = 1) gives the values of ∆E: 55 kPa for the sphere and 75 kPa
for the prolate ellipsoid with Γ0 = 3. One can see that obtained values for ∆E are in
quantitative agreement with experimental data for MSE sample with soft polymer matrix
112
(E0 ∼ 50 − 200 kPa) and 3-4 times less then the experimental data for MSE sample
with extra-soft polymer matrix (E0 < 30 kPa), see Figure 5.8 red and blue lines. From
Figure 5.8 one can see, that the most pronounced absolute MR effect is for MSE with
extra-soft polymer matrix and spherical carbonyl iron particles, isotropically dispersed
within matrix.
In the case of anisotropic particle distribution (α = 0.8), we obtain ∆E= 65 kPa for
the sphere and ∆E= 106 kPa for the prolate ellipsoid with Γ0 = 3. The estimated
values of ∆E for MSEs with the anisotropic particle distribution are higher than the
corresponding values for the isotropic MSE. However the estimated values of ∆E are
two times less than the experimental values obtained for the anisotropic MSE sample
with the extra-soft polymer matrix (E0 < 30 kPa) and three-four times less than the
experimental values obtained for the anisotropic MSE sample with the extra-soft polymer
matrix (E0 ∼ 50− 200 kPa), filled with particles of irregular shape.
To estimate the magnitude of the relative MR effect in the frame of proposed theoretical
formalism, we use values of the initial modulus E0 ∼ 15 kPa and E0 ∼ 50 kPa for the
extra-soft and soft polymer matrices, respectively, and compare with estimated values in
the case of strong affine coupling between sample elongation and position of particles,
using HCP lattice particle distribution model. The simple estimation of ∆E/E0 gives
values about 30% for the extra-soft and about 10% for the soft matrices with the isotropic
particle distribution in the spherical sample (α = 1, Γ0 = 1) and about 160% for the
extra-soft and about 50% for the soft matrices with chain-like structures of particles in
the ellipsoidal sample (α = 0.8, Γ0 = 3). One can see that predicted values of ∆E/E0 are
still one order less than those obtained in the experiment (see Figure 5.9).
The possible explanation of quantitative discrepancy between theoretical and experimental
values of the absolute MR effect would be the following. First, we use an ellipsoidal finite
shape to describe the cylindrical one. Second, the present theory was developed for ideal
spherical particles with perfect particle arrangement. On the other side, the irregular
shape of the particles can provide strong peculiarities of internal stress and magnetic
field in the vicinity of particle surface which are absent in the case of smooth spherical
particles. These peculiarities can influence the stiffness of the composite as well as restrict
the particle arrangement. We suggest, that the spherical particles with smooth surface
inside the extra-soft matrix can easily rearrange under magnetic field from isotropic to
the chain-like structures. Thus, in weakly cross-linked matrices the particles rearrange
themselves in the magnetically induced structures characterized by values of α, which are
smaller than the initial values of α. The developed formalism, described in Chapter 4,
does not take into account the non-affine rearrangement of the particles. As discussed
above, the non-affine deformation as well as cylindrical finite shape of the MSE sample
can be the topic of further investigation.
5.3 Summary
To summarize, we have compared predictions of the microscopic theory with experimen-
tal measurements of the shear and the Young’s moduli. First, we have shown that the
predicted value of the shear modulus is in good agreement with experimental data, if one
assumes formation of the chain-like structures of the magnetic particles in an external
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magnetic field. Parabolic fit of the experimental data for quasi-static shear modulus has
been done. It confirms that the shear modulus is an even function of the magnetic field.
In the second part, the cylindrical MSE sample in the tensile test was approximated by a
prolate ellipsoid with the aspect ratio Γ0. We have shown that the prolate ellipsoid with
Γ0 = 3 better approximates the cylindrical sample than a sphere that has the same aspect
ratio Γ0 = 1.
The value of the absolute MR effect was estimated for isotropic particle distribution and
particle chain-like structures with different degree of anisotropy in the spherical sample and
in the prolate ellipsoid with Γ0 = 3. The estimated values of ∆E are in good quantitative
agreement with experimental data, obtained for isotropic MSE sample with soft polymer
matrix filled with carbonyl iron particles. However, the comparison of the estimated values
∆E with experimental data for extra-soft isotropic MSE sample filled with carbonyl iron
particles and soft MSE sample filled with irregular particles have shown that the theoretical
values have the order of magnitude close to ∆E for these samples. But, the estimated
values of ∆E are two times less than the experimental values obtained for anisotropic
MSE sample with extra-soft polymer matrix and three-four times less than for anisotropic
MSE sample with extra-soft polymer matrix, filled with particles of irregular shape.
We explain these deviations by the following effects. The irregular shape of the particles
leads to the additional strong peculiarities of internal stress that increase the stiffness of
MSEs. From the other side, the spherical particles with smooth surface inside the extra-
soft matrix can easily rearrange affinely under magnetic field from isotropic to chain-like
structure. This also should lead to the increase of the MR effect.
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6 Conclusions
In this thesis a microscopic theory is developed, which describes the mechanical properties
of magneto-sensitive elastomers (MSEs) in the external magnetic field, taking into account
the microscopic structure, finite size of the samples and magneto-mechanical coupling
between particle positions and sample deformation.
• A microscopic model considers separate rigid spherical magnetizable particles, incor-
porated into a non-magnetic polymer matrix. For description of the average particle
positions inside the matrix, the regular lattices are introduced, which allow us to
consider different spatial distributions: isotropic-like, chain-like and plane-like dis-
tributions. In particular, the tetragonal, simple cubic (SC), body-centered cubic
(BCC) and hexagonal close-packed (HCP) lattices are used. The mechanical prop-
erties of MSEs are studied using the analysis of the free energy, which includes the
contributions of magnetic interactions between the particles and the elasticity of the
polymer matrix. It is shown that the magneto-induced deformation (magnetostric-
tion) and the change of the mechanical modulus (MR effect) are even functions of
the applied magnetic field and strongly depend on the initial shape of the MSE
sample, volume fraction and spatial distribution of magnetic particles as well on the
absence/presence of the elastic coupling between sample deformation and position
of the particles.
• Effects of particle distribution are first considered for infinitely large samples of
MSE. It is shown that the SC and HCP lattices provide uniaxial contraction of
isotropic MSE along the applied magnetic field H0, while the BCC lattice predicts
uniaxial expansion along H0. Thus, the sign of magnetostriction of isotropic-like
MSEs strongly depends on the spatial distribution of particles. The anisotropic
infinite incompressible MSEs with chain-like and plane-like distributions of particles
uniaxially contract along H0. The last result is in agreement with experimental
studies of MSEs with anisotropic particle distribution.
• The MR effect for the Young’s modulus of isotropic MSE is negative for the SC
and BCC lattices and is positive for the HCP lattice. Thus, the HCP lattice is
more suitable for proper description of the particle distribution inside the isotropic
MSEs. The shear modulus G increases for the chain-like and plane-like distributions
of particles, when the shear loading is perpendicular to H0. The magnetic field is
directed along the chains formed by particles or perpendicular to the planes formed
by particles for samples with chain-like or plane-like particle distributions, respec-
tively. The Young’s modulus E decreases for the chain-like distribution and increases
for the plane-like distribution of particles. Thus, the relation between the Young’s
and shear moduli E = 3G does not hold for the MSEs under the magnetic field.
Therefore, the shear and tensile deformations should be investigated separately.
• The increase of the volume fraction φ results in the increase of the absolute value of
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magnetostriction and MR effect in all cases at constant magnetic field. The increase
of the initial elasticity of the matrix results in the decrease of the magnetostriction
and relative MR effect at fixed magnetic field.
• The microscopic theory is generalized to study the influence of the finite shape of
the sample on the mechanical properties of MSEs in the external magnetic field.
The MSE sample is assumed to have a shape of an ellipsoid of revolution with the
axis of symmetry directed along H0. It allows us to obtain the solution for the
magnetization inside the sample analytically and to calculate the internal magnetic
field inside the MSE. It is shown that the internal magnetic field consists of two
contributions: one, which is determined by the demagnetizing field and depends on
the shape of the sample, and another one, which depends on the distribution of
particles. It is shown that the mechanical behaviour of MSE is determined by a
non-trivial interplay between these two contributions. Two approaches for coupling
between sample deformation and particle distribution are considered: absence of the
coupling (unchangeable particle distribution under deformation) and strong coupling
at the affine particle displacement with sample deformation.
• It is shown that the continuum-mechanics approach, based on consideration of the
macroscopic demagnetizing field, can be applied only in the case, when the spatial
distribution of magnetic particles remains isotropic under external magnetic field due
to the random motion of the particles. The continuum-mechanics approach cannot
be applied for highly cross-linked MSEs, in which the magnetic particles change
their positions affinely with the sample deformation. The absence of the elastic
coupling between sample deformation and position of particles in both isotropic and
anisotropic MSEs provides the mechanical properties of MSEs, which are in a good
agreement with experiments for MSEs, based on soft polymer matrix, where the
particles can move inside the matrix under magnetic field. The magneto-induced
strain εeq of both isotropic and anisotropic MSEs is always positive, as predicted by
the continuum-mechanics approach. The largest magnetostriction of isotropic MSE
is reached when the sample has a spherical form (aspect ratio of the sample Γ0 ≈ 1)
at all volume fractions, but for the anisotropic MSE with chain-like structures the
maximum value of εeq is shifted to Γ0 ∼ 1.8 at φ = 0.3. The MR effect for
the Young’s modulus (∆E) varies the sign with increasing of Γ0 for both isotropic
and anisotropic MSEs. It is negative, when the aspect ratio of the sample Γ0 <
0.5, and positive otherwise Γ0 ≥ 0.5. The largest MR effect in isotropic MSEs is
reached, when the aspect ratio of the sample Γ0 is about 3 at all volume fractions.
Additionally, the anisotropy of the particle distribution strongly affects the MR
effect: it is much more pronounced for the chain-like structure with α = 0.8 in
comparison with the isotropic (α = 1.0) and plane-like (α = 1.2) structures. Here
α = 〈r‖〉/〈r⊥〉, where 〈r‖,⊥〉 are the average distances between nearest particles along
and perpendicular to H0.
• The presence of the strong affine coupling between sample elongation and position
of particles in isotropic MSEs provides a much richer behaviour for different lattice
models. It is found that εeq and ∆E can be both positive and negative, depending
on the initial particle distribution. The SC and HCP lattices provide the negative
value of εeq, whereas the BCC lattice gives the positive value of εeq. The HCP lattice
predicts the positive value of ∆E, while both the SC and BCC lattice models provide
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the negative value of ∆E. In isotropic MSE with volume fraction of particles φ = 0.3,
the largest MR effect is found in a moderate elongated sample (Γ0 ≈ 3) with HCP
lattice particle distribution, while in anisotropic MSE with chain-like structures of
particles and the same volume fraction φ = 0.3, the largest MR effect is found in
highly elongated samples with Γ0 > 4.
• Predictions of the microscopic theory are validated by the experiments, where the
MR effect is measured in shear and tensile deformation tests. The MSE samples
were produced from silicone rubber and magnetic particles of different types and
shapes. For the shear tests, the matrix was filled with magnetically hard particles.
It is shown that the predicted value of the shear modulus is in a good agreement
with experimental data, if one assumes formation of the chain-like structures of the
magnetic particles under application of the magnetic field. From the shear modulus,
measured at different amplitude of the oscillatory deformation, the anisotropy pa-
rameter α is estimated. It is shown that α increases and tends to 1 with the increase
of amplitude, that demonstrates a partial destruction of the chain-like structures.
• For the tensile tests, the matrix was filled with the iron powder containing either
nearly spherical particles or particles having an irregular morphology. The soft MSE
samples with initial elastic modulus E0 ∼ 50− 200 kPa and extra-soft MSE samples
with E0 ∼ 10− 30 kPa were prepared. Cylindrical MSE samples are modelled by a
prolate ellipsoid with different aspect ratios. The MR effect for the Young’s modulus
is calculated for two types of coupling between sample deformation and particle
distributions. The microscopic theory under assumption of strong affine coupling and
anisotropic HCP particle distribution in elongated ellipsoidal sample provides the
values of ∆E close to the experimental ones. Especially good quantitative agreement
with experimental data is obtained for initially isotropic soft MSE samples filled with
spherical particles. The deviations of experimental data from theoretical predictions
have been observed for MSE samples based on extra-soft matrices and with included
particles of an irregular form. The deviations can be related with rearrangement of
particles in extra-soft matrix under magnetic field. These effects can be a topic of
further investigation.
Outlook
Besides the progress made, there are still open questions, which can not be answered
explicitly in the frame of proposed microscopic theory. Perhaps, the proposed theory
can be modified to answer these questions. For example, it is experimentally observed,
that the particles rearrange into chain-like structures under magnetic field in a weakly
cross-linked polymer networks or gels at the same time as the sample elongates. The
particles rearrangement is governed by a non-affine material deformation. Especially, non-
affine deformation is brightly expressed when the particles are stochastically distributed
in isotropic MSEs or the anisotropic structures (chain-like or plane-like structures) are not
ideal.
The questions are:
• how to implement a non-affine deformation of MSE samples into the free energy?
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• what is the influence of the stochastic distribution of particles on the mechanical
properties of MSEs?
The further theoretical investigations should explain these effects since in a relatively
soft polymer matrix there are no restriction to align the particles into chains due to the
minimum free energy.
Additionally, very important topic is the dynamic-mechanical behaviour of MSEs, since
these materials have a high potential for technical applications, in which the external me-
chanical loading depends on the amplitude and frequency. There are a lot of experimental
works which discuss the influence of the external magnetic field on the frequency depen-
dences of the storage and loss moduli. To describe the experimental data for the dynamic
moduli, the theory should take explicitly into account the molecular mobility in MSEs
under magnetic field depending on their structure (particle distribution, degree of cross-
linking, etc.). To our knowledge, the development of theoretical models for describing the
dynamics of MSEs is nowadays in the progress.
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8 Apendix
8.1 List of symbols and abbreviations
A,B,C semi-axes of ellipsoid
C frequency-dependent coefficient of proportionality
Dc critical particle diameter
E Young’s modulus, elastic modulus
E0 initial elastic modulus
EH elastic modulus after application of the magnetic field
F free energy; tensile force
Felast elastic free energy
Fmagn magnetic free energy
Fn shear force
G shear modulus
G0 initial shear modulus
H strength of the magnetic field
Hc, Hc1, Hc2 coercive fields
I1, I2, I3, I4, I5, I6 invariants
J Jacobian
K, Kε, KE coefficients of proportionality
L length
Lx, Ly, Lz length in x-, y-, z-directions
L
(0)
x , L(0)y , L(0)z initial length in x-, y-, z-directions
L (ξ) Langevin function
M magnetization
Mr, Mrs remanent magnetization
Ms saturation magnetization
N demagnetizing factor; number of particles
P2 second order Legendre polynomial
R radius of the magnetic particle
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R0 radius of the spherical MSE sample
S unit sphere
T temperature
TC Curie temperature
U energy
V volume of the sample
b edge length of the lattice
c concentration
d gap between the particles; diameter of the cylindrical sample
f frequency
f , f2, f3 dimensionless functions
fmicro, fmacro micro and macro terms of the dimensionless function
h reduced magnetic field; high of the cylindrical sample
i current
ix, iy, iz components of the unit vector
k coefficient of proportionality
kB Boltzmann constant
〈r‖〉, 〈r⊥〉 average distances between nearest particles along and perpen-
dicular to the applied field
p hydrostatic pressure
u0 characteristic magnetic energy
B magnetic induction vector
Bl Lagrangian counterpart of the magnetic induction vector
C right Cauchy-Green deformation tensors
F deformation gradient tensor
H magnetic strength vector; internal magnetic field
H0 external magnetic field
Hd induced magnetic field
Hl Lagrangian counterpart of the magnetic strength vector
I unit tensor
M magnetization vector
Ml Lagrangian counterpart of the magnetization vector
Mr, Mrp bulk remanent magnetization and remanent magnetization of
particles
MV bulk magnetization
T total nominal stress tensor
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a, b, c basic vectors
b left Cauchy-Green deformation tensor
g structure tensor
i unit vector-index
m, m1, m2, mi, mj magnetic dipole moments
n unit vector
r, rij , r̃ij distance between particles
r0, r(0)ij initial distance between particles
α anisotropy parameter
αch, αpl, anisotropy parameter for chain-like and plane-like structures
αmin, αmax limiting values of the anisotropy parameter
β lattice coefficient
γ shear strain
∆E change of the elastic modulus
∆G change of the shear modulus
∆σ change of the stress
ε strain; magnetostriction
εeq magneto-induced strain; equilibrium elongation
εs saturation strain
θ azimuthal angle
λx, λy, λz elongation ratios
µ magnetic permeability
µ0 magnetic permeability of the vacuum
µr relative permeability
ν Poisson’s coefficient
ξ parameter of the Langevin function
φ volume fraction of magnetic particles
φp weight fraction of magnetic particles
ρ probability density function
ρm, ρp volume density of polymer matrix and magnetic particles
υ0 volume of the magnetic particle
χ magnetic susceptibility
χini initial magnetic susceptibility
τ total Cauchy-like stress tensor
Γ aspect ratio
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Γ0 initial aspect ratio
Ω magneto-elastic free energy
Ωi derivative of the magneto-elastic free energy over the invariant
Ii
FEM finite element modeling
HCP hexagonal closed-packed
MAE magneto-active elastomer
MR magnetorheological
MRE magnetorheological elastomer
MSE magneto-sensitive elastomer
PDMS polydimethylsiloxane
PVA poly(vinylalcohol)
SANS small angle neutron scattering
SC simple cubic
SEM scanning electron microscopy
µCT microcomputed tomography
ppm parts per million
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8.3 Basics of continuum mechanics and elasticity
This section describes briefly the theoretical background of the continuum mechanics and
elasticity. The detailed statement of the continuum mechanics can be found in many
monographs, e.g. in [175, 176] and [177].
Continuum mechanics
Continuum mechanics is a branch of mechanics that establishes the kinematic and dynamic
equations for description of large-scale behaviour of continuous body under mechanical
loading. The Newtonian mechanics, which includes such concepts as three dimensional
Euclidean space, material point, Cartesian coordinate system, is generalized and comple-
mented by the assumption of a continuity of a body and its homogeneity [175, 177].
Let us assume that a continuum body is composed of a set of material points, which are
characterised by the position vector x. Then xi will be the components of the position
vector of a particle in body B0 before deformation and yi(xk) will be components of
its position vector y in body B after deformation. The subscripts i, k denote the three
Cartesian components of the position vectors x and y.
The displacement vector u(x, t) describes the motion of each point in a body. Every point
in the solid moves as the load is applied. A point at position x in the undeformed solid
can move to a new position y at time t, see Figure 8.1.
Figure 8.1. The respective regions B0 and B occupied by a body in a reference configuration
and a deformed configuration. The position vectors of a generic particle in these two configurations
are denoted by x and y . The displacement of this particle is u.
The displacement vector u(x, t) is defined as
y = x + u(x, t). (8.1)
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Equation (8.1) can be also expressed in index notation as
yi = xi + ui(x1, x2, x3, t), with i = 1, 2, 3. (8.2)
The displacement field completely specifies the change in shape of the body. The velocity
field νi(xk, t) and acceleration field ai(yk, t) describe the motion and acceleration of the
body and are defined as:
νi(xk, t) =
∂yi
∂t
= ∂ui(xk, t)
∂t
, (8.3)
ai(xk, t) =
∂2yi
∂t2
= ∂νi(xk, t)
∂t
. (8.4)
The partial derivative of the displacement vector with respect to the material coordinates
yields the material displacement gradient tensor, defined as ∇u with components ∂ui∂xk . The
deformation gradient tensor is defined as:
F = I +∇u (8.5)
or in Cartesian coordinates:
Fik = δik +
∂ui
∂xk
. (8.6)
I is the identity tensor, with components described by the Kronecker delta symbol:
δik =
{
1, i = k
0, i 6= k (8.7)
and ∇ represents the gradient operator. Note that
∇y = ∇(x + u(x)) = F (8.8)
or
∂yi
∂xj
= ∂
∂xj
(xi + ui) = δij +
∂ui
∂xj
= Fij . (8.9)
The concepts of displacement gradient and deformation gradient are introduced to quantify
the change in shape of infinitesimal line elements in a solid body. The infinitesimal line
segments dx and dy (see Figure 8.1) are related by
dy = Fdx, or dyi = Fikdxk, (8.10)
that gives
Fik =
dyi
dxk
. (8.11)
We drop the summation sign, assuming that summation is implied over a twice appear
subscript. The inverse deformation gradient tensor F−1 is defined as:
dxi = F−1ik dyk or F
−1
ik =
∂xi
∂yj
. (8.12)
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The determinant of the deformation gradient tensor is defined as:
J = det(F) = det
(
δij +
∂ui
∂xj
)
(8.13)
and is named Jacobian of deformation. It is a measure of the volume change produced by
a deformation [175]:
• For any physically admissible deformation, the volume of the deformed element must
be positive. Therefore, all physically admissible displacement fields must satisfy
J > 0.
• If a material is incompressible, its volume remains constant. This requires J = 1.
• If the mass density of the material at a point in the undeformed solid is ρ0, its mass
density in the deformed solid is ρ = ρ0/J .
It is useful to introduce the right and left Cauchy-Green deformation tensors, respec-
tively:
C = FTF, b = FFT . (8.14)
Physically, the Cauchy-Green tensor gives us the square of local change in distances due
to deformation. The quantities which are independent of rotation are named invariants.
The invariants of C are:
I1(C) = tr(C), I2(C) =
1
2
[
(tr(C)2 − tr(C2)
]
, I3(C) = detC (8.15)
and coincide with invariants of b. Equation (8.15) can be expressed through the elongation
ratios as:
I1 = λ21 + λ22 + λ23, I2 = λ21λ22 + λ22λ23 + λ21λ23, I3 = λ21λ22λ23. (8.16)
Note that λ21, λ22 and λ23 are the eigenvalues of C. In the case of infinitesimal small
deformation, the strain tensor is defined as:
ε = 12
(
∇u + (∇u)T )
)
or εij =
1
2
(
∂ui
∂xj
− ∂uj
∂xi
)
. (8.17)
The infinitesimal strain tensor is an approximate deformation measure, which is only valid
for small strains and rotations. It is linear in the displacement gradient.
For a strain tensor
εij =
 ε11 ε12 ε13ε21 ε22 ε23
ε31 ε32 ε33
 , with i, j = 1, 2, 3 (8.18)
the diagonal strain elements ε11, ε22, ε33 are named ’tensile’ strains, while the non-diagonal
elements ε12 = ε21, ε23 = ε32, ε13 = ε31 are named ’shear strains’. The shear strains
are sometimes reported as ’Engineering shear strains’, which are related to the formal
definition by a factor of 2:
γ12 = 2ε12, γ13 = 2ε13, γ23 = 2ε23. (8.19)
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Linear elasticity
Mechanical properties of elastic media can be described by the bulk (K), Young’s (E) and
the shear (G) moduli and by the Poisson’s ratio (ν), but only two of them are independent.
With the exception of bulk modulus, generally, these characteristics are anisotropic, i.e.
they depend on direction of load and direction in which the response of a material is
measured [177].
The constitutive law relating the applied force to the resulting deformation is defined in
terms of stress and strain (e.g. Hooke’s Law). The exact form of the stress at an arbitrary
point of the continuum body depends on the orientation of the force acting on the point
and the orientation of the reference plane with respect to a reference coordinate system.
To quantify the stress, a material point is assumed to be an infinitesimal small cube. The
stress acting on each of the six sides of the cube can be resolved into components normal
to the face and within it, as in Figure 8.2.
Figure 8.2. Stress components acting on the planes of an infinitesimal small cube.
Stress tensor σ is called Cauchy stress tensor or true stress tensor. A component of the
stress tensor σij is defined as acting on the i-plane and being oriented in the j direction.
σij completely describes the state of stress at any point of the continuum body:
σij =
 σ11 σ12 σ13σ21 σ22 σ23
σ31 σ32 σ33
 , with i, j = 1, 2, 3. (8.20)
Due to the symmetry of body, the stress tensor is symmetrical, i.e. σij = σji.
Components of the stress tensor with repeating indices, e.g. σ11, are denoted as normal
stress while a stress component with different indices is called a shear stress. Consequently,
this gives six shear and three normal stress components acting on the cube.
Normal stresses with positive values directed outward from faces are called tensional stress,
142
and negative values correspond to compressional stress. A special state of stress is found
when all normal stresses are equal in all directions (hydrostatic stress), i.e., σ11 = σ22 = σ33
and all shear stresses are zero, the hydrostatic pressure is given as p = −trσ/3.
Stress and strain are related to each other by Hooke’s law where the strain is assumed to
be sufficient small that stress and strain depend linearly on each other. Such a medium is
called linear elastic. In its general form Hooke’s law reads:
σij = Cijklεkl, with i, j, k, l = 1, 2, 3. (8.21)
where summation over repeated indices is assumed.
The fourth-rank tensor Cijkl is called the stiffness tensor and consists of 81 entries, 21 of
which are independent. It holds the elastic constants of a medium. This tensor actually
links the deformation of a medium to an applied stress. In general, Hooke’s law leads
to complicated relations, but simplifies remarkably, especially in the case of isotropic
media.
Each component of stress σij is linearly dependent upon every component of strain εkl
and vice versa. Since all directional indices may assume values 1, 2, and 3 one obtains 9
relations. Each of this relations involves one component of stress and nine components of
strain.
Since the stress tensor is symmetrical, i.e. σij = σji , only six of these equations are
independent. This is also valid for the strain. Thus, also only six terms of the right side
of Equation (8.21) are independent.
The bulk modulus K is defined as the ratio of an applied hydrostatic stress to the frac-
tional volumetric change. It is also called incompressibility, following the compressibility
C = 1/K:
1
3σij = Kεij . (8.22)
In a uniaxial state of stress (e.g. σ11 6= 0, σ22 = σ33 = 0), Young’s modulus E relates the
stress to the resulting strain in the same direction:
σ11 = Eε11. (8.23)
The Poisson’s ratio ν is also defined for an uniaxial stress state and relates the lateral
strain (j-direction) to axial strain (i-direction):
ν = −εjj
εii
, (8.24)
where no summation over repeated indices is implied. In contrast to the other elastic
parameters which have the physical unit of a pressure the Poisson’s ratio is dimensionless.
Non-linear elasticity
A non-linear elasticity is usually observed in hyperelastic material, in which the the stress-
strain relationship derives from a scalar strain energy density function. This potential is
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independent on the path of deformation. For many materials, linear elastic models do
not accurately describe the observed material behaviour. The most common example of
this kind of material is rubber, whose stress-strain relationship can be defined as non-
linearly elastic, isotropic, incompressible and generally independent of strain rate. Ronald
Rivlin and Melvin Mooney developed the first hyperelastic models, the Neo-Hookean and
Mooney-Rivlin solids.
Beside the Cauchy stress, the first Piola-Kirchhoff stress, nominal stress and others stresses
are widely measured in continuum mechanics of hyperelastic materials. If W (F) is the
strain energy density function, the first Piola-Kirchhoff stress P, which is usually measured
in experiment as a ratio of applied force to the initial reference cross-section, can be
calculated as:
P = ∂W
∂F . (8.25)
The first Piola-Kirchhoff stressP is related to the Cauchy stress tensor σ asP = JσTF−T
and to the nominal stress tensor N, which is the transpose of P: N = PT = JF−1σ.
Then the Cauchy stress tensor σ can be found as
σ = 1
J
∂W
∂F F
T . (8.26)
If the material is described by a strain energy function W (F) − p(J − 1) (hyperelastic
incompressible material), the stress-strain relation can be found as
σ = PFT = −pI + ∂W
∂F F
T , (8.27)
where p is the hydrostatic pressure.
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